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Abstract 

The Yamabe problem concerns finding a conformal metric on a given closed 
Riemannian manifold so that it has constant scalar curvature. This paper 
concerns mainly a fully nonlinear version of the Yamabe problem and the 
corresponding Liouville type problem. 

1 Introduction 

Let (M, g) be an n-dimensional compact smooth Riemannian manifold (without 
boundary). For n = 2, we know from the uniformization theorem of Poincare 
that there exist metrics that are pointwise conformal to g and have constant Gauss 
curvature. For n > 3, the well-known Yamabe conjecture states that there exist 
metrics which are pointwise conformal to g and have constant scalar curvature. 
The Yamabe conjecture is proved through the work of Yamabe [73], Trudinger [66], 
Aubin [2] and Schoen [61]. The Yamabe and related problems have attracted much 
attention in the last 30 years or so, see, e.g. [65], [3], and the references therein. 
Important methods and techniques in overcoming loss of compactness have been 
developed in such studies which also play important roles in the research of other 

4 

areas of mathematics. For n > 3, let ^ = u^-'^g where u is some positive function 
on M. The scalar curvature Rg of g can be calculated as 



n+2 / 4(n - 1) , 
Rg=u "-2 RgU ^ TT^^u 
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where Rg and denote respectively the scalar curvature and the Laplace-Beltrami 
operator of g. The Yamabe conjecture is therefore equivalent to the existence of a 
positive solution of 

- 71 + 2 

—LgU — Ru^-'^ on M, 

where Lg := — -^^Rg is the conformal Laplacian of g, and ^ = or ±2(n — 1). 
The Yamabe problem can be divided into three cases — positive case, zero case and 
negative case — according to the signs of the first eigenvalue of —Lg. Making a 

4 

conformal change of metrics g = ip^-'^g, where (/? is a positive eigenfunction of —Lg 
associated with the first eigenvalue, we are led to the following three cases: Rg > 
on M, Rg = Q on M and i?^ < on M. The positive case, i.e. Rg > 0, is much 
more difficult. 
Let 

1 R 

denote the Schouten tensor of g., where RiCg denotes the Ricci tensor of g. We use 
\{Ag) = {\i{Ag),- ■ ■ ,\n{Ag)) to deuotc the eigenvalues of Ag with respect to g. 
Clearly 

Let 

n 

and let 

T{Vr) = {sA| s > 0, A e Fi} 

be the cone with vertex at the origin generated by V^. 

The Yamabe problem in the positive case can be reformulated as follows: As- 
suming X{Ag) e r(Vi), then there exists a Riemannian metric g which is pointwise 
conformal to g and satisfies X{Ag) G dVi on M . 

In general, let V be an open convex subset of M" which is symmetric with respect 
to the coordinates, i.e., (Ai, ■ ■ ■ , A„) G V implies (A^^, • • • , Aj^) G for any permuta- 
tion (ii, • • • , i„) of (1, • • • , n). We assume that ^ dV is in C^'"^ for some a G (0, 1) 
in the sense that dV can be represented as the graph of some C^'" function near 
every point. For A G dV , let i/(A) denote the inner unit normal of dV . We further 
assume that 



i/(A) G r„ := {A G i?"|Ai > 0,V1 < i < n}, V A G 9^, 



(1) 
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and 

u{X) • A > 0, W XedV. (2) 

Let 

T{V) :={sX\ XeV, < s < oo}. (3) 

be the (open convex) cone with vertex at the origin generated by V. 

Our first theorem estabhshes the existence and compactness of solutions to a 
fully nonlinear version of the Yamabe problem on locally conformally fiat manifolds. 
A Riemannian manifold {M^,g) is called locally conformally fiat if near every point 
of M the metric can be represented in some local coordinates SiSg — e^^^^ T]i=i{dx'^Y. 

Theorem 1.1 For n > 3, a e (0, 1), we assume that V is a symmetric open convex 
subset of R^, with ^ dV e C^'°', satisfying (1) and (2). Let {M'^,g) be a compact, 
smooth, connected, locally conformally fiat Riemannian manifold of dimension n 
satisfying 

\{Ag) e T{V), on M". 

Then there exists a positive function u e C^'"(M"') such that the conformal metric 
g = u"^g satisfies 

X{A^) e dV, on M". (4) 

Moreover, if {M''\g) is not conformally diffeomorphic to the standard n— sphere, 
then all positive solutions of (4) satisfy 

lkllc4'«(M",s) + ||-||c4.«(M",g) < C, on M", 

u 

where C is some positive constant depending only on {M"',g), V and a. 

Reiiicirk 1.1 Presumably, the existence of a C^'" solution of (4) should hold under 
the weaker smoothness hypothesis dV e C^'°. We prove this under an additional 
hypothesis that V is strictly convex, i.e., principal curvatures of dV are positive 
everywhere. See Appendix B. 

We propose the following 

Conjecture 1.1 Assume that V is an open symmetric convex subset o/ R", with 
7^ dV e C°°, satisfying (1) and (2). Let {M"',g) be a compact smooth Riemannian 
manifold of dimension n > 3 satisfying 



X{A,) e T{V), 



on M". 
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Then there exists a smooth positive function u G (M") such that the conformal 

4 

metric g = u^-'^g satisfies 

\{Ag) e dV, on M". (5) 



For K = Vi, it is the Yamabc problem in the positive case. In general, the 
equation of m is a fully nonlinear elliptic equation of second order, and therefore the 
problem can be viewed as a fully nonlinear version of the Yamabe problem. 

The fully nonlinear version of the Yamabe problem has the following equivalent 
formulation. The equivalence of the two formulations is shown in Appendix B. 

Let 

r C be an open convex symmetric cone with vertex at the origin (6) 
satisfying 

r„ c r c Ti := {A e m"! ^A, > o}. (7) 

i 

Naturally, F being symmetric means (Ai, A2, • • • , A„) e F implies (Aj^, Ajj, • • • , Aj^) e 
F for any permutation (ii, ^2, • " " ? in) of (1, 2, • • • , n). 
For a e (0,1), let 

/ e C^'"(F) n C°(r) be concave and symmetric in A^, (8) 

satisfying 

/lar = 0, V/ e F, on F, (9) 

and 

hm/(sA) = oo, VAeF. (10) 

Conjecture 1.1 is equivalent to 
Conjecture 1.1'. Assume that {f,T) satisfies (6), (7), (8), (9) and (10). Let 
(M", g) be a compact smooth Riemannian manifold of dimension n > 3, satisfy- 
ing X{Ag) & r on M". Then there exists a smooth positive function u e C°°(M") 

4 

such that the conformal metric g — u^-'^g satisfies 

f{\{Ag)) = l, A(A^)eF, oniVr. (11) 



Theorem 1.1 is equivalent to 
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Theorem 1.1'. For n > 3, « G (0,1), we assume that {f,T) satisfies (6), (7), (8), 
(9) and (10). Let {M"',g) be a compact, smooth, connected, locally conformally flat 
Riemannian manifold of dimension n satisfying \{Ag) e F on M". Then there 
exists a positive function u e C '"^(M") such that the conformal metric g — W"-^ 
satisfies (11). Moreover, if {M'^,g) is not conformally diffeomorphic to the standard 
n— sphere, all solutions of (11) satisfy 

1 

||'lf||c4''^(M",c/) + || — ||c4.«(M",g) ^ C, (12) 

where C > is some constant depending only on {M'",g), (/, F) and a. 

Remark 1.2 C° and hounds of u and do not depend on the concavity of f. 
This can be seen from the proof 

For 1 < A; < n, let 

be the A;— th symmetric function and let F^ be the connected component of {A G 

1 

I crfc(A) > 0} containing the positive cone F„. Then, see [9], (/, F) = {a^,Tk) 
satisfies the hypothesis of Theorem 1.1'. 

Remark 1.3 For (/, F) = (o'i,Fi), it is the Yamabe problem in the positive case 

on locally conformally flat manifolds, and the result is due to Schoen ([61], [62]). 
1 

For (/, F) = (o"2^,F2) in dimension n = A, the result was proven without the locally 

conformally flatness by Chang, Gursky and Yang ([11])- For (/, F) = ((Jn,F„), 
some existence result was established by Viaclovsky ([70]) on a class of manifolds. 

For (/, F) = {aj^jTk), the result was established in our earlier paper [44]; while the 
existence part for k ^ ^ was independently established by Guan and Wang in [31] 

using a different method. Guan, Viaclovsky and Wang ([29]) subsequently proven 
the algebraic fact that \{Ag) G F^ for k > ^ implies the positivity of the Ricci 
tensor, and therefore {M,g) is conformally covered by and both existence and 

compactness results in this case follow from known results. For (/, F) = (o"^,Ffc), 

1 

k = 3,4 on A— dimensional Riemannian manifolds, as well as for (/, F) = (cr^,Ffc), 
k = 2,3, on 3— dimensional Riemannian manifolds which are not simply connected 
, the existence and compactness results are established by Gursky and Viaclovsky in 
[37]. 
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Remark 1.4 // we assume in addition that f e C^''^ for some k > 4, then, by 
Schauder theory, (12) can he strengthened as 

where C > also depends on k. 

Since our C° and estimates for solutions of (4) (or, equivalently, of (11)) do 
not make use of the convexity of V (or concavity of /) , we raise the following 

Question 1.1 Under the hypotheses of Theorem 1.1' , hut without the concavity as- 
sumption on f , does there exist a positive Lipschitz function u on M" such that 

4 

g — u^-'^g satisfies (11) in the viscosity sense? 

Equation (11) is a fully nonlinear elliptic equation of u. Fully nonlinear elliptic 
equations involving f{\{D'^u)) have been investigated in the classical and pioneering 
paper of Caffarelli, Nirenberg and Spruck [9]. Extensive studies and outstanding re- 
sults on such equations are given by Guan and Spruck [27], Trudinger [67], Trudinger 
and Wang [68], and many others. Fully nonlinear equations involving f {\{S/'^gU + g)) 
on Riemannian manifolds are studied by Li [51], Urbas [69], and others. Fully non- 
linear equations involving the Schouten tensor have been studied by Viaclovsky in 
[71] and [70], and by Chang, Gursky and Yang in the remarkable papers [11] and 
[10]. There have been many papers, preprints, expository articles, and works in 
preparation, on the subject and related ones, see, e.g., [24], [33], [72] [34], [35], [30], 
[31], [7], [42], [44], [6], [29], [37], [36], [12], [43], [52], [53], [13], [32], [15], [38], [26] and 
[49] . The approach developed in our earher work [44] and continued in the present 
paper makes use of and extends ideas from previous works on the Yamabe equation 
by Gidas, Ni and Nirenberg [25], Caffarelli, Gidas and Spruck [8], Schoen ([62] and 
[63]), Li and Zhu ([57]), and Li and Zhang ([54]). 

4 

For g = U"-^g, we have (see, e.g., [71]), 



2n 



Ag = -U~^V'^U + T^M^^VW ®VU- —U ^1 VMpfif + Ag, 



where covariant derivatives on the right side are with respect to g. 

4 

Let gi = U"-^gfiat, where gfiat denotes the Euclidean metric on K". Then, by 
the above transformation formula, 

Ag^ = u'^A'^jdx^dx^, 
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where 

2 n+2 r, 2n 

A" := -M "-2V ii+7 — "-2Vti(8) - 7 — "-2 Vii /, 

n — 2 (n — 2j^ [n — 2y 

and / is the nxn identity matrix. In this case, X{Ag^) — X{A'^) where X{A'^) denotes 
the eigenvalues of the nxn symmetric matrix A". 

Let ijj he a. Mobius transformation in R", i.e., a transformation generated by 
translation, multiplication by nonzero constants, and the inversion x — > a;/|a;p. For 
any positive function u, let :— \J^\^ (uot/j) where denotes the Jacobian of 
-0. A calculation shows that A"* and A^ot/j differ only by an orthogonal conjugation 
and therefore 

A(yl"*) = A(/l") o^/;. (13) 

Let 5"^" denote the set of n x n real symmetric matrices, 0{n) denote the set 
of n X n real orthogonal matrices, U C 5"^" be an open set satisfying 

O-^UO^U, yOeO{n), (14) 

and let F e C\U) satisfy 

F{0-^MO) ^ F{M), y M eU, y O eO{n), (15) 
By (13) and (15), 

F(A"*) = F(^")oV'. 

We proved in [44] that any conformally invariant operator if(-, Vii, V^ii), in 
the sense 

H{-, u^, Vu^, V^-uy,) = H{-, u, Vu, V^m) o -0, 

must be of the form F(A"). 

Our next theorem concerns a Harnack type inequality for general conformally 
invariant equations on locally conformally flat manifolds. Let S!^^"' C 5"^" denote 
the set of positive definite matrices. We will assume that U and F further satisfy 

[/ n {M + tAT I < t < oo} is convex V M e cS"^", AT e 5!^x", (16) 

(Fij(M)) > 0, V M e [/, (17) 
where Fij{M) := ^(M), and, for some 5 > 0, 

F{M)^1 V M e C/n{M e 5"^" I ||M|| (J^Mj)^ < (5). (18) 
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Theorem 1.2 For n>3, let U C 5"^" saUsfy (U) and (16), and let F e C^{U) 
satisfy (15), (17) and (18). For R> 0, let u G C^^B-sr) be a positive solution of 

F{A-)^1, A-eU, in Bsn, (19) 

where B^r denotes the hall in of radius 3R and centered at the origin. Then 

(supu){miu) < C{n)S^R'^-'', (20) 

Br 

where C{n) is some constant depending only on n. 
Let 

Uk := {M e 5"^" I A(M) e Tk} 

and 

Ffe(M)=afe(A(M)), MeUk. 
For (F, U) = (Fi, Ui), (19) takes the form 

n — 2 n + 2 

-Au= ^ u^-^, m B^R. 

Reiiicirk 1.5 The Harnack type inequality (20) for {F,U) = (Fi,f/i) was obtained 

by Schoen in [63] . For a class of nonlinearity including {F, U) = {F,^ , Uk), I < k < 
n, the Harnack type inequality was established in our earlier work [44]- 

Remark 1.6 In Theorem 1.2, there is no concavity assumption on F and the con- 
stant C{n) is given explicitly in the proof. The Harnack type inequalities in [63] 
and [44] o-f^ proved by contradiction arguments which do not yield such an explicit 
constant. 

Let ghe a. smooth Riemannian metric on B^ C M", n > 3, and let (/, F) satisfy 
our usual hypotheses. Consider 

/(A(^ ^ )) = 1, A(^ ^ ) e F, in B,. (21) 

Question 1.2 Are there some positive constants C and 5, depending on {B3,g) and 
(/, F), such that 

(sup u) (inf u) < Ce^-", V < e < 5, 
holds for any positive solution of (21)? 
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Remark 1.7 The answer to the above question is affirmative for the Yamabe equa- 
tion ( i.e. (/, r) = (o"i,ri)j in dimension n = 3,4, see Li and Zhang [56]. 

We have avoided the use of Liouville type theorems in the proofs of Theorem 1.1, 
Theorem 1.1' and Theorem 1.2. However, in order to solve Conjecture 1.1 on general 
Riemannian manifolds, to answer Question 1.2, or to study many other issues using 
fully nonlinear elliptic equations involving the Schouten tensor, it is important to 
establish the corresponding Liouville type theorems. 

For n > 3, consider 

n — 2 n+2 „ 

-Au = ^—u"^, on M". (22) 

It was proved by Obata ([60]) and Gidas, Ni and Nirenbcrg ([25]) that any 
positive C solution of (22) satisfying J^„ u^-^ < oo must be of the form 

/ \ ^ 

u{x) = 2n 4 —-^ 

where a > and x G R". The hypothesis J^nU^-^ < oo was removed by Caffarelli, 
Gidas and Spruck ([8]); this is important for applications. The method in [25] is 
completely different from that of [60] . The method used in our proof of the Liouville 
type theorems on general conformally invariant fully nonlinear equations (Theorem 
1.3) is in the spirit of [25] rather than that of [60]. As in [8], the superharmonicity of 
the solution has played an important role in our proof of Theorem 1.3, see Lemma 
4.1. On the other hand, under some additional hypothesis on the solution near 
infinity, the superharmonicity of the solution is not needed, see theorem 1.4 in [44]. 

Somewhat different proofs of the result of Caffarelli, Gidas and Spruck were 
given in [16], [57] and [54]. In particular, the proofs in [57] and [54] fully exploit the 
conformal invariance of the problem and capture the solutions directly rather than 
going through the usual procedure of proving radial symmetry of solutions and than 
classifying radial solutions. A related result of Gidas and Spruck in [27] states that 
there is no positive solution to the equation —Au = in when 1 < p < 

For n>3, — oo<p< ^^1, we consider the following equation 

F(A")=wP-^, A'^eU, u>0 onR". (23) 

For (F, U) = (Fi, Ui), equation (23) takes the form 

n-2 

-Au = u^, u> 0, on M". 
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Theorem 1.3 For n > 3. let U C 5"^" satisfy (14), (16), and let F G C^{U) 
satisfy (15), (17). Assume that u G C^(k") is a superharmonic solution of (23) for 
some — oo < p < Then either u = constant or p — and, for some x & M."^ 
and some positive constants a and b satisfying 2b^a~^I G U and F{2b^a~'^I) — 1, 

^(^)^( l + ^2|l_^|2 )'^^ VxGR'^. (24) 

1 

Remark 1.8 For {F, U) — {F^ , Uk), 1 < k < n, a solution of (23) is automatically 
superharmonic. 

Remark 1.9 The more difficult case is for p = When {F,U) — {Fi,Ui), 

the result in this case (the rest of this remark also refers to this case), as mentioned 
earlier, was established by Cafjarelli, Gidas and Spruck ([8]); while under some addi- 
tional hypothesis the result was proved by Obata ([60]) and Gidas, Ni and Nirenberg 

1 

([25]). For {F,U) = {F^,Uk), and under some strong hypothesis on u near in- 

1 

finity, the result was proved by Viaclovsky ([71] and [72]). For {F,U) = {F^ ,112} 

in dimension n — A, the result was due to Chang, Gursky and Yang ([11])- For 

1 

{F,U) — {F^ ,Uk), the result was established in our earlier paper [44]; while for 
1 1 

(F, U) — {F2 , U2) in dimension n — 5, as well as for {F, U) — {F2 , U2) in dimension 

In 

n > 6 under an additional hypothesis J^nU^-'^ < 00, the result was independently 

established by Chang, Gursky and Yang ([14])- Under some fairly strong hypothesis 
(but weaker than that used in [71] and [72]) on u near infinity, the result was proved 
in [44] without the superharmonicity assumption on u. 

If wc let (M", g) denote some smooth compact n— dimensional Riemannian mani- 
fold with boundary, an analogous problem is to find conformal metrics with constant 
scalar curvature and constant boundary mean curvature. The problem has been 
studied by many authors, see, e.g., Cherrier ([17]), Escobar ([19], [20], [21] and [22]), 
Han and Li ([39] and [40]), Ambrosetti, Malchiodi and Li ([1]), Brendle ([5]), and 
the references therein. This boundary Yamabe problem is called of positive type if 
the first eigenvalue of 

—Lg(p — X(f, in M°, 
^ + n^hg^ = 0, ondM 

is positive, where hg denotes the mean curvature. 

Now we consider an extension of the boundary Yamabe problem of positive type 
to the fully nonlinear setting: 
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Question 1.3 Assume that V is an open symmetric convex subset o/M", with ^ 
dV G C°° satisfying (1) and (2). Let {M"-,g) be a compact smooth Riemannian 
manifold with boundary satisfying 

X{Ag)eT{V), onM, 

and let c E R be any constant. Does there exist a smooth positive function u G 
C°°(Af) such that the conformal metric g — u^g satisfies (5) and the boundary 
mean curvature kg satisfies 

hg^c on dMl 



To answer Question 1.3, it is important to investigate the corresponding Liouville 
type problem on half Euclidean space. Theorem 1.4 and Theorem 1.5 below provide 
such Liouville type theorems. 

We use Br{x) to denote the ball in of radius R and centered at x, and write 
Br = -B^(O). Let R\ = {(xi, • • • , x„) G M"| a;„ > 0} and ^ BiH Consider, 
for some c G M, 

r = 1, A" G [/, > 0, on i^. 

Our first result is under the assumption that the solution has good behavior near 
infinity. 

Theorem 1.4 For n > 3, let U C 5"^" be an open set satisfying (14) and (16), 
and let F e C'^{U) satisfy (15) and (17). For c&W, we assume that u G C^(l^) is 
a solution of (25) satisfying, for Uq^i{x) :— \x\'^~'^u{-!^) , 

Mo,i can be extended to a positive continuous function in Bi, (26) 

n — 2 

limsup(x • Vuo^i{x)) < ——uo,i{0), 

x-*0 Z 



and 
Then 



lim(|x|^VMo,i(a;)) = 0. 

a;— >0 ' 



n-2 



1 + b\{x' , Xn) - [X' , Xn)r 

where x = {x', Xn) G R"", a > and b + (mina;„, 0)^ > are two constants satisfying 
2a-%I G U, F{2a-%I) = 1 and (n - 2)a-^6x„ = c. 
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Remark 1.10 In the above theorem, we do not assume u to be superharmonic. 

CorollEiry 1.1 For n > 3, let U C jS"^" be an open set satisfying (14) and (16), 
and let F e C^{U) satisfy (15) and (17). Assume that u e C^(Si) satisfies 

= 1, e t/, M > 0, in B^, 
|« + n-2y ^ -c^i^, ondBi, 

where v denotes the unit outer normal on dBi . Then u is of the form 

^(^)^(y:^)'^ ^^^1' (28) 

where a, 6, c satisfy 

2b 2b n-2 

a>0, -^I^U, F(-/) = l, —-{l-b)^-ca. 
Qj a Zi 



Our next Liouville type theorem does not require any hypothesis on the solution 
near infinity. 

Theorem 1.5 For n > 3, let U C S"'^"' be an open set satisfying (14) and (16), 
and let F e C^(t/) satisfy (15) and (17). Assume that 

^ F-i(l). (29) 

For c e M, we assume that u e C^(R!f:) is a solution of (25) satisfying, 

Au<0 in . 
Then u is of form (27) with x,a and b given below (27). 

Remcirk 1.11 For c < 0, the assumption (29) is not needed. This can be seen in 
the proof. 

Remark 1.12 (F, U) = (F)^ , Uk), I < k < n, satisfy the hypotheses of the theorem. 

Remcirk 1.13 For {F,U) = {Fi,Ui), the result was proved by Li and Zhu [57]; 
while under an additional hypothesis u{x) — 0(|a;p~") for large \x\, the solutions 
were classified by Escobar [19]. 
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Our proofs of Theorem 1.4 and Theorem 1.5 make use of the following result 
concerning radially symmetric solutions. 

Theorem 1.6 For n > 3, let U C iS"^" be an open set satisfying (14), let 
F e C^{U) satisfy (15) and (17). Assume that u e C^(i?i) is radially symmetric 
and satisfies 

F(A") = 1, e [/, > 0, in Si. 
Then u is of the form (28) with a > 0, b > -1, e U and FQI) = 1. 

In the following we state some of the results in a forthcoming paper [49]. First, 
an existence and compactness result on subcritical equations: 

Theorem 1.7 Let (M.g) be a smooth, compact, connected Riemannian manifold 
of dimension n > 3, and letl<l + e<p< — e < Then there exists a 

positive solution u G C°°(M) to 

(tI{A^_^) ^uP-"^, onM. (30) 

Moreover all positive solutions of (30) satisfy, for all m>2, 

||'u||c"»(M,g) + || — II ^^(M.c/) < C, 

where C > depends only on {M"',g), e and m. 
Remcirk 1.14 For k — 1, this is well known. 

Next, a Harnack type inequality on half Euclidean balls: 



Theorem 1.8 For n >3 and R> 0, let u & C^{B^j^) be a solution of the equation 

4 (A") = 1, in B+j, := BsR n M!^. 

^ — cu^^ , on dB^j^ n 5m" for some constant c. 

u>0, A"" e Tfe, on 'B^. 

Then there exists some constant C > depending only on n and c such that 



(supM)( inf u) < CFt 



■2-n 



B+ dB+^ 
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Remark 1.15 For k = 1, this, as well as a stronger form, is established by Li and 
Zhang in [54] (see theorem 1.7 and remark 1.11 there). 

RemEirk 1.16 Theorem 1. 7 and Theorem 1.8 hold for more general (/, F) (see [49]). 

As mentioned earlier, Theorem 1.1' in the case (/, T) = ((Ti,ri) is the Yamabe 
problem in the positive case on locally conformally fiat manifolds, and the result is 
due to Schoen ([61] and [62]). The proof in [62] has three main ingredients: The 
first is the existence of the developing map due to Schoen and Yau [64], the sec- 
ond is the use of the method of moving planes, and the third is the Liouville type 
theorem of CafFarelli, Gidas and Spruck [8]. A major difficulty in extending the 
result for (/, F) = ((Ti,Fi) to fully nonlinear (/, F) was the lack of corresponding 
Liouville type theorem. An important step was taken by Zhang and the second au- 
thor in [54] which gives a proof of Schoen's Harnack type inequality for the Yamabe 
equation without using the Liouville type theorem in [8]. Adapting this idea, we 

established in [44] (theorem 1.27 there) the Harnack type inequality (20) for a class 

1 

of nonlinearity including {F,U) = {F,^,Uk), 1 < k < n, under the circumstance 
that the corresponding Liouville type theorem was not available. This also made 
us recognize the possibility of proving Theorem 1.1' without the corresponding Li- 
ouville type theorem. Indeed we have developed in [44] an approach, based on the 
method of moving spheres (i.e. the method of moving planes together with the con- 
formal invariance of the problem), to prove the existence and compactness results 
for the fully nonlinear version of the Yamabe problem on locally conformally fiat 
manifolds under the circumstance that the corresponding Liouville type theorem 
was not available. Another major difficulty in proving Theorem 1.1' is the lack of 
C° and estimates of solutions. We have developed a new approach in [44] , again 
based on the method of moving spheres, to obtain such estimates. We have also 
introduced in [44] a homotopy which connects the general fully nonlinear version 
of the Yamabe problem to the Yamabe problem and used the degree for second 
order fully nonlinear elliptic operators in [50] and the result in [62] for the Yamabe 
problem to prove the existence of solutions to the fully nonlinear ones. 

In [28] Guan, Lin and Wang have also presented a proof of Theorem 1.2 under an 
additional concavity hypothesis on F and of Theorem 1.1'. We clarify these overlaps 
in this paragraph: First, these results follow immediately from our earlier work [44] 
and Lemma 6.2 — - a quantitative version of a calculus lemma used repeatedly in 
[44]. Second we completed the proof of these results earlier. Indeed, the only change 
one needs to make is to move the four lines below (4.3) on page 1446 of [44] to be 
right after line 5 of the same page. After making this change, the gradient estimate 
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stated on line 7 of the same page follows from Lemma 6.2, and Theorem 1.2 under 
an additional concavity hypothesis on F and Theorem 1.1', as well as our new 
and estimates, follow from the proofs of theorem 1.25 and theorem 1.27 in [44]. 
We did not see the elementary proof of Lemma 6.2 at the time of submitting [44] to 
the journal, but proved it soon afterwards. Theorem 1.2 and Theorem 1.1', with an 
emphasis on our new C° and estimates based on the method of moving planes, 
were presented by the second author in his 45— minute invited talk at ICM 2002 
in August 2002 in Beijing. Told us by C.S. Lin that he started to work with G. 
Wang in October- November 2002 which led to [28] where a proof of Theorem 1.2 
under an additional concavity hypothesis on F and Theorem 1.1' is included. The 
proof, following [44] (in particular following the above mentioned steps developed 
there) , provides the only ingredient beyond [44] which, as explained above, amounts 
to the calculus lemma (Lemma 6.2). We present the proof of Theorem 1.1' and 
Theorem 1.2 in Section 2 and Section 3 respectively. The proof of Theorem 1.1', 
appeared in slightly shorter form in [43] and in preprint form [45], contains one slight 
simplification to the arguments in [44] which avoids the use of local estimates 
(only global estimates are needed); while the proof of Theorem 1.2, also appeared 
in slightly shorter form in [43] and in [45], contains one more ingredient to remove 
the concavity assumption on F which also yields an explicit constant C{n) in (20). 

Due to Theorem 1.1' (or Theorem 1.1), Conjecture 1.1' (or Conjecture 1.1) mainly 
concerns the problem on Riemannian manifolds which are not locally conformally 
flat. In general. Equation (11) does not have a variational formulation. A plausible 
approach is to establish a priori estimates (12) for all solutions of (11), and to use the 
homotopy in [44] to connect the problem to the Yamabe problem. For the Yamabe 
problem (i.e. (11) for (/, F) = (ai, Fi) ), such estimate was given by Li and Zhu [57] 
in dimension n = 3; the estimate in dimension n = 4 follows from a combination 
of the results of Li and Zhang [56] and Druet [18]; Li and Zhang have extended the 
estimate to dimension n < 7, as well as to dimension n > 8 but under an additional 
hypothesis that the Weyl tensor of g is nowhere vanishing, see [55] . The Liouville 
type theorem of Caffarelli, Gidas and Spruck has played an important role in the 
proof of this result. It is clear that Theorem 1.3 will also play an important role in 
proving Conjecture 1.1'. 

The main difficulty in proving Theorem 1.3 is to remove the possible isolated 
singularity of u at infinity. By the conformal invariance of the problem, we may 
assume that the isolated singularity is at instead of at infinity. The following 
analytical issue is relevant: Let u e C°^(i?i \ {0}) and v e C^{Bi) be positive 
solutions of 

F(A") = 1, A" e [/, in Bi \ {0}, 



16 



and 

F{A") = 1, A" e U, in Bi, 

satisfying 

u>v in 5i \ {0}. 

Is it true that 

liminf (^(a;) — v{x)) > 0? 

If the answer to the above question were "yes", then the proof of theorem 1.4 

in [44] would yield a proof of Theorem 1.3 for p = So far, the answer to 

1 

the question is not known even for {F,U) = {Fj^,Uk), 2 < k < n. The answer 
to the question is "yes" for (F, U) = {Fi, Ui) due to some elementary properties 
of superharmonic functions in a punctured ball. As far as we know, the isolated 
singularity issue encountered in the application of the method of moving plane has 
always been handled by providing an affirmative answer to a local question like the 
above. Our proof of Theorem 1.3 avoids this local question by exploiting global 
information of u, through a delicate use of Lemma 4.1. The proof of Theorem 1.3 
also fully exploits the conformal invariance of the problem and captures the solutions 
directly rather then going through the usual procedure of proving radial symmetry of 
solutions and than classifying radial solutions. Two proofs of Theorem 1.3 appeared 
in preprint forms in [47] and [48]. Wc present in Section 4 the proof in [48]. Theorem 
1.4 and Theorem 1.5, some Liouville type theorems on half Euclidean spaces, are 
extensions of theorem 1.4 in [44] and Theorem 1.3 respectively. The proofs are given 
in Section 5. 

Acknowledgment. Part of this paper was completed while the second author was 
a visiting member at the Institute for Advanced Study in Fall 2003. He thanks 
J. Bourgain and IAS for providing him the excellent environment, as well as for 
providing him the financial support through NSF-DMS-0111298. Part of the work 
of the second author is also supported by NSF-DMS-0100819. 

2 Proof of Theorem 1.1 and Theorem 1.1^ 

In Appendix B, we deduce the equivalence of Theorem 1.1 and Theorem 1.1'., there- 
fore we only need to prove one of the two theorems. 

Proof of Theorem 1.1'. Without loss of generality, we further assume / is ho- 
mogeneous of degree 1. Indeed, in Appendix B, we construct a new function / 
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which is homogeneous of degree 1, satisfies the same assumptions as / does, and 
f-\l) = f-\l). 

We first estabhsh (12). Let {M,g) be the universal cover of {M'^,g), with i : 

M — > M" being a covering map and g — i*g. It is well-known that there exists a 
conformal immersion 

$:(M,^)^(§^^o), 
where Qq denotes the standard metric on By X{Ag) G F and the assumption 
r C Fi, we have Rg > 0. Hence by a deep theorem of Schoen and Yau in [64], $ is 
injective. Let 

Claim 2.1 

^<u<C, \Vgu\ <C on M", 

where u e C^(M'*) is an arbitrary positive solution of (11) with g — u'^g and 
C > is some constant depending only on {M'",g) and (/, F). 

For convenience, we introduce 

U^{Ae <S"^" I \{A) e F}, 

and 

FiA) = f{\{A)), AeU. 

We distinguish two cases. 
Case 1. 

Case 2. 

In Case 1, j*^' = rj^-'^go on S", where 77 is a positive smooth function on S". 
Let u — uoi. Since F ( A 4 _ ) = 1 on M, we have 



FiA 4 =1, on 



By corollary 1.6 in [44], (-u o $ ^)ri = a| 2n for some positive constant a and 



some conformal diffeomorphism <^ : S" — > Since (p*go = |X,|"5'o; we have, by the 



above equation, that 

/(a-^(n - l)e) = /(a-^A(^J) = 1, 
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where e = (1, ■ ■ ■ , 1). By (10) and the concavity of /, we know V/(A) ■ A > for 
any A G F. Thus /|ar = and (10) iniphes a is a constant uniquely determined by 

an- 

Fix a compact subset E of M such that i{E) = M". Since (Af g) is not 
conformally diffeomorphic to (§",(70)) so 7ri(M") is nontriviaL Let x'^^^ E E and 
^(2) g M be two distinct points satisfying u{x'^^'>) = u^x^"^^) = maxu. Then 



dzst,„($(x«),$(x(2))>i 

Consequently, 



min{|J^($(xW)|,|J^($(x(2)|}<C, 
from which we deduce that 

min{M(xW)7y(*(x«)),M(x(2))77($(x(2)))} < C. 

It follows that 

maxu = 'S(xW) = u(x^'^h < C. 
Moreover, we also know from the above and the formula of u that 

\J^\<C onS", 

from which we deduce that 

|||<-^¥'lllc"'(s",so) + ll"ryTllc"'(s",go) ^ C{m) 

I I 

and therefore 

||w||c™(M",g) + \\u ^\\c"^{M",g) < C 

for some C depending only on {M,g), (/, F) and m. Estimates (12) is established 
in this case. 

In Case 2, by the result in [64], O = $(M) is an open and dense subset of 

— 1 \ ~ 4 

S", ($ )*g — 'q^-'^go on Q, where 77 is a positive smooth function in Q satisfying 
lim niz) — 00. Let uix) — max for some x e M", and let iix) — x for some x & E. 

By composing with a rotation of S", we may assume without loss of generality that 
^{x) = S, the south pole of Let P : ^ M" be the stereographic projection, 
and let v be the positive function on the open subset P{ft) of M" determined by 
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4 4 

{P^^y {rj'^ go) = v^^gjiat, where gfuu denotes the Euchdean metric on R". Then 
for some e > 0, depending only on {M'\g)^ we have 

Sg, := {x e I \x\ < 9e} C P(0), 

and 

distfiat{PmE)),dP{Q)) > 9e. 

On p(n), 

= 1, A(^") e r, 

where u = [uo o P~^)v. 

By the property of 77, we know that 

hm u(y) — 00, (31) 

and, if the north pole of 5"" does not belong to 

hm {\yr'u{y)) ^oc. (32) 
2/eP(n),|j/|^oo 

For every x e satisfying distfiat{x, P{^{E))) < 2e, we can perform a moving 
sphere argument as in the corresponding part in [44] (for Wj there) to show that, 
V < A < 4e, |y - xl > A, ye P(fi), 

"-'^(^) •= |^_^|n-2 ^( |^_^|2 ) ^ «(^)- (33) 

When proving the above, there is some minor difference between the north pole 
of S*", N e Q and N ^ Q. If N ^ Q, then by (32), there is no worry about "touching 
at infinity" in the moving sphere procedure. If N E Q, then 00 is a regular point of u 
(i.e., |2;p~"-u( 1^) can be extended as a positive function near z = 0) and therefore 
by the strong maximum principle argument as in [44], if "touching at infinity" occurs, 
{'Q')x,x would coincide with u in the unbounded connected component of P{^) for 
some < A < 4e, which violates (31) since {u)x,x is apparently bounded near any 
point of (9P(1]). 

By Lemma 6.2 in Appendix A, we deduce from (33) that 

\V{logu){y)\ < C(e) V distfUv, PiHE))) < e. 
It follows, for some C depending only on (M^-^g), that 

\Vglogu\<C onM". 
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Hence Claim (2.1) follows directly from the bounds below 

minxi < C, maxu > — for some universal constant C. (34) 

To establish (34), let u{x) = minu. At x, by Vu{x) = 0, (V^w(x)) > 0, and (9), we 
have 

l^f{X{A^))<f{u^^X{A,)), 

which implies, by /|ar = and / e (^^(r), that u^^{x) > C, i.e., u{x) < C. 
Similarly, by properties of / (in particular (10)), we can establish maxw > i. The 



estimate of u has been established in [44] (see also [70] for the estimates for 

(/, r) = [a^,Tk))- The estimate of follows in view of Claim 2.1. 

Thus when (M", g) is not conformally diffeomorphic to a standard sphere, we 
have proved that any positive solution of (11) satisfies, for some constant C depend- 
ing only on {M^\g) and (/, F), 

||li||c2(M",g) + ||li~'^||c2(M",g) < C. 

Since / is concave in F, C^'" and higher order derivative estimates follow from a 
theorem of Evans ([23]) and Krylov ([41]), and the Schauder estimate. 

To establish the existence part of Theorem 1.1', wc only need to treat the case 
that (M", g) is not conformally diffeomorphic to a standard sphere since it is obvious 
otherwise. We use the following homotopy introduced in [44]. For < t < 1, let 

MX)^f{tX + (l-t)a,(X)e), 

be defined on 

Ft := {A e M" I a + (1 - t)ai{X)e E F}, 

where e = (1, 1, • • • , 1). 
Consider, for < i < 1, 

ft{X{A^))^l, X{A^)ert, onM". (35) 

4 

Here and below g — w^-^g. 

By the a priori estimates we have just established, there exists some constant 
C > independent of i e [0, 1] such that for all solutions u of (35), 



\u 



|c4.«(M",5) + ||M-^||c4,a(M",^) < C. (36) 
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By (36) and the assumption /|ar = 0, 3 5 > independent of t G [0, 1] such that 
all solutions u of (35) satisfy 

dist{X{Ag),drt) > 25. 

Define, for < t < 1, 

O; = {« e C^'"(M'^) I A(A^) e r^, dist{\{A^), dVt) > 6, 

U> 0, ||'u||c4,a(M",g) + ||'"~^||c4.«(M",g) < 2C}, 

where C is the constant in (36). By [50], 

dt:^deg{Ft- 1,01,0), 0<t<l, 
is well defined, where Ft[u] :— ft{X{Ag)) — 1, and 

dt = do, 0<t<l. 

In particular, 

di = do. 

The equation (35) for t = is the Yamabe equation. By the result of Schoen in [62] 
for the Yamabe problem, do — —1. Thus di ^ and equation (11) has a solution. 
Theorem 1.1' is established. 



3 Proof of Theorem 1.2 

Proof of Theorem 1.2. Part of the proof of this theorem is taken from [44], which 
we include here for reader's convenience. We only need to prove the theorem for 
R — S — 1. Indeed, let 

F{M) := F{6M), U := and u{x) := 5^R^u{Rx). 

Then 

F{A^) = 1, A^eU, in B3, 

and (F, U) satisfies the hypothesis of Theorem 1.2 with R = 5 — 1. Thus, once we 
have established the theorem in the case R = 5 = 1, we have 
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Thus we assume in the following R = d = 1. Let u(x) = maxu. As in the proof 

Bi 

of theorem 1.27 in [44], we can find x e Bi{x) such that 



2 

2-n 



u{x) > 2 2 sup u 

and ^ 

7 := w(x)"^(7 > (37) 

where a = |(1 — \x — x\) < |. 
If 

7 < 2"+«r^^ 

then 

(supM)(inf ?i) < u{xY < (27)"^ < C(n), 
and we are done. So we always assume that 

7 > 2"+«nl 
Let F := u{x)"-'^ > 2j, and consider 



w 



(y) := -^u(x+ ^ ^ 2 ), |y| < r. 



Clearly 

min w > — — inf u, (38) 

1 = -u;(0) > 2^supw. (39) 
By the conformal invariance of the equation satisfied by u, 

F(^^) = 1, w > 0, on Br. 

Fix 

r = 2"+6n^ < ^7. 

4 



V|a;| < r, consider 



ly — x| ly — 
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By the conformal invariance of the equation, we have 

F{A^^'^) = 1, w,,x>0, onBr\B^{x), V < A < ^. 

As in [44] , there exists < Aj; < r such that we have 

Wx,x{y) < w{y), V < A < Aa;, yeBr\ Bx{x), 

and 

Wa:,x{y) < w{y), V < A < Ao;, ye dB^. 

By the moving sphere argument as in [44], we only need to consider the following 

two cases: 

Case 1. For some \x\ < r and some A G (0,r), w^^x touches w on dB^. 
Case 2. For all \x\ < r and all A e (0, r), we have 

WxAy)<w{y), V |y - x| > A, y e Sr. 

In Case 1, let A e (0,r) be the smallest number for which Wx,\ touches w on 
dB^. By (38), we have, for some |yo| = T, 

inf K < min = w^^xiyo)- 

Recall (39), 

/ A \ n—2 n-2 / A \ 2 n-2 / T \ 2 

w.,x{yo)<(] 1 supw<2— (i 1 <2— (- 

Therefore 

n-2 n-2 n-2 2/ ^ \ n— 2 

(T 2 u{x) mr M < 2 2 cr 2 u[x) J 

Since 4r < 7 < ^ and cr < i, 

n—2 

a^M(x) inf « < 2^a^«(x) %,\ , = 2i('^-2)a^r"-2 < 2"" V'^. (40) 
w - \ J (|F)"-2 - ^ ^ 

We deduce from (37) and (40) that 



(supM)(inf li) < 4"-V-2 < C{n). 

Bi B2 
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In Case 2, we have, by Lemma 6.2 and (39), that 

\Vw{y) \ < 2{n - 2)r~^w{y) < {n - 2)25r~\ V|y| < r. 
Let e be the number such that 

C{y) — - — -{r - l^r), \y\ < Vr 

r 

satisfies 

w>i, on B^, 

and, for some \y\ < -\/r. 

Since 1 = w{0) > ^(0) = 1 — e and w{y) > 0, we have < e < 1. 
By the estimates of iVwl and the mean value theorem, 

\w{y) — 1| = \w{y) — w{0)\ < {n — 2)2^r~^, V \y\ < \/r. 

So 

n 1 

1 - (n - 2)22r-2 < w{y) = i{y) < 1 - e, 

and therefore 

< e < (n-2)25r~i 

Clearly, 

V^y) = ve(y), |ve(y)|<^, L'My) > ^'e(y) = -2(1 - e)rt. 

It follows that 

Since F(A'"(y)) = 1, we have, by (18) (recall that 6 = 1), ^^^^2^r-^ > 1, violat- 
ing the choice of r. Thus we have shown that Case 2 can never occur. Theorem 1.2 
is estabhshed. 

□ 
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4 Proof of Theorem 1.3 

Lemma 4.1 For n>2, BiC M"", let u e Lj^ci^i \ {0}) be the solution of 

Au<0 inBi\ {0} 
in the distribution sense. Assume 3 a & R and p ^ q ER"^ such that 

u{x) > max{a + p ■ X — 6{x),a + q ■ X — 6{x)} \/x E i?i \ {0}, 
where S{x) > satisfies lim = 0. Then 

liminf ti > a. 

r--»0 Br 

Proof. Let 

v{x) :— a+p ■ x — 5{x), w{x) :— a + q • x — 5{x), \/x e Bi. 

By subtracting a + p ■ x from u,v,w respectively, we can assume a = and p = 0. 
After a rotation and a dilation of the coordinates, we can also assume Vw(0) = Ci. 
Let :— ^u{e-), :— ^v{e-), and :— ^w{e-). We have 

Ve{x)=0{l), We{x) = Xi + 0{1), 

where o(l) — > uniformly on Si as e — > 0. \/5 > 0, by > v^, 3eo > such that 

Ueix) > —S in Bi, V e < eo- 

By Ue > We, we have > cq > on ft :— Bi{^ei) for some universal constant cq 
independent of S and e. 
Let be the solution of 

f A^^ = mBi\n 
\ = f on dn, = -2S on dBi. 

Since ^° in C°°{Bi), we have, for small S, 

> ^eiO) > 0, (41) 
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where is the solution of 

I C° = f on an, ^0 = on dB^. 

In the following, we fix some S > such that (41) holds. 
Let G be the solution of 

f -AG = So in Si 

1 G = on dBi, G{x) — > oo as x — > 0, 

where 5q is the Dirac mass at 0. 

Let A > 1 be chosen later. VO < 5 < ^, consider -q^ :— + — on 

Bi \ {Bs U Q}. We have 



Ar^e < in Si \ {S5 U Vl). 

Near 95^, 

- A 1 
r^, > -5 + — - -Co > 0, for large A, 

and near 

5^1, r/e > -5 + §5 > 0. Hence 



?7, > in Si \ U Q}. (42) 

For any fixed x e Bi \ {0}, V < 5 < |x|, Ve > small, sending 5 ^ in (42), it 
leads to Uf{x) > ^^{x). Therefore, Ve < eo, 

I 

liminf K = liminf > £-^(0) > -UO) > 0. 

r-»0 Br Br ^ — ^ ^ 2 

□ 

Lemma 4.1 is sufficient for our use. Such result holds for more general linear 
elliptic operators of second order. For example, we have 

Lemma 4.2 For n>2 and Bi C R", let u e C^iBi \ {0}) satisfy 

Lu :— a^^Uij + Uui + cu < f in Bi \ {0}, 

where (a*-^) > and d'^ G C'"(i?i) for some < a < 1, /, 6j, c G L°^{Bi). Assume 3 
a & R and p ^ q & such that 

u{x) > max{a + p ■ X — S{x), a + q ■ X — S{x)} Vx e Si \ {0}, 
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where S > satisfies lim = 0. Then 



liminf u(x) > 



Proof of Lemma 4.2. Let 

v{x) := a + p ■ X — 5{x), w{x) :— a + q ■ x — S{x), \/x E Bi. 

By subtracting a + p ■ x from u,v,w respectively, and replacing f{x) by f{x) — 
b''{x)vi{0) — c{x)'Vv{0) ■ X — c{x)v{0), we can assume 

a = 0, p = 0, Lu<f in Si \ {0}. 

Let Q e GL{n) satisfy Q{a^^ {{i))Q^ = Inxn- Replacing u,v,w by 

u{Q-'-), v{Q-'-), w{Q-'-), 

and a^^{x),U{x),c{x), f{x) by 

Q{d\Q-^x))Q\ Q\h\Q-^x)), c{Q-^x), f{Q-'x) 

respectively, we can assume (a*-')(0) = Inxn- 

Let Ue :— lu{e-), :— \v{e-), and :— \w{e-). We have 

v,(a:)=o(l), = Vw(0) • X + o(l) on Si. 

Wc may also assume that |V'u;(0)| = 1 by a dilation. Hence, by > and > w^, 
V(5 > 0, 3eo > such that Ve < eg, 

Ue{x) > —5 on Si, lie > Co On := Si (^Vu'(O)), 

where cq > is some universal constant independent of S and e. Moreover satisfies 
the equation 

L^Ue{x) :— a^-'{ex){ue)ij{x) + eb'^{ex){ue)i{x) + e^c{ex)ue{x) < ef{ex) in Si. 

Let be the solution of 

L'^^x) = ef{ex) in Si \ H 
- f on dn, = -2d on aSi. 
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We have —>■ ^° in C^{Bi \ fl), where is the solution of 

f A^o = mBi\n 

I ^0 = f on an, ^0 = on dBi. 

Hence we can initially pick some 5 > such that ^'^(0) > ^°(0) > 0. 
Let G be the solution of 

f -L^G = So in Bi 

^ G — on dBi, G{x) — > oo as x — > 0. 

We know G is asymptotically radial as e — > 0. 

Let ^4 > 1 be chosen later. VO < 5 < ^, consider rj^ :— + ^^^G — on 

dBg 

Bi \ {Bs UQ}. We have 



L%<0 mBi\{BsUn}. 

On dBs, 

Ve>-S + A-^>0, 
and on dBi, —5 + 2S — S>0. Hence 



77, > in \ {Bs U n}. (43) 

For any fixed ,x G -Bi \ {0}, V < 5 < Ve < eo, sending 5 ^ in (43), then 
Ue{x) > ^\x). Therefore liminf m(x) = liminf ^^(a;) > ^^(0) > |^°(0) > 0. 



□ 



Proof of Theorem 1.3 for p = Since u is a, positive superharmonic function, 
we have, by the maximum principle, that 



mmu 

u{x) > V \x\ > 1. 



\x 



In particular 

liminf(|x|"-V^)) > 0. (44) 

|a;|^oo 

Lemma 4.3 For any x e W^, there exists \q{x) > such that 

«.,a(|/) := {-^rM^ + ^y'"^^ ) < u{y), V b - xl > A, < A < Ao(a;). 
\y — x\ |y — 
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Proof. This follows from the proof of lemma 2.1 in [54]. 

□ 

For any x e M", set 

X{x) := sup{// I Ux,x{y) < u{y), V |y - x| > A, < A < //}. 

Let 

a := liminf(|a;|""\(a;)). (45) 

>oo 

Because of (44), 

< a < oo. (46) 

If q; = oo, then the moving sphere procedure will never stop and therefore A(x) = oo 
for any a; € R". This follows from arguments in [54] and [44] (see also [46]). By the 
definition of \{x) and the fact \{x) = oo, we have, 

Ux,\{y) <u{y), y\y-x\>X>0. 

By a calculus lemma (see e.g., lemma 11.2 in [54]), u = constant, and Theorem 1.3 
for p — is proved in this case (i.e. a — oo). So, from now on, we assume 

< a < oo. (47) 

By the definition of X{x), 

Ux,x{y) < u{y), y \y-x\>X, < A < X{x). 

Multiplying the above by and sending \y\ oo, we have, 

q; > A"-2H(a;), V < A < %). 

Sending A — > X{x), we have (using (47)), 

oo > a > X{x)''-\{x), V a; e M". (48) 

Since the moving sphere procedure stops at X{x), we must have, by using the argu- 
ments in [54] and [44] (see also [46]), 

liminf(ii(y) - «,,A(,)(z/))|y|"-' = 0, (49) 

i.e., 

a = X{xy-'^u{x), V X e M". (50) 
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Let us switch to some more convenient notations. For a Mobius transformation 0, 
we use notation 

U4> := \ J^\^{uo (f)), 

where denotes the Jacobian of 0. 
For X e ]R", let 

,(.r\, X Xix^iy — x) 



we know that u^(x) = u^^y^(^^y 
Let ip{y) ■= and let 



For X e R", the only possible singularity for w'^^^ (on R"U{oo}) is In particular, 
y = is a regular point of w^^\ A direct calculation yields 

«;(^)(0) = A(x)"-2li(x), 

and therefore, by (50), 

Clearly, G C^(R" \ {0}) and Amw, < in R" \ {0}, liminf Mv,(y) = a, and, for 
some (5(x) > 0, 

e C'(B5(,)), VxGR", 

> 'f^^''^ in Bs(^j:) \ {0}, V X e R". 

Lemma 4.4 Vw(^)(0) = V'u;(°)(0), i.e., Vw(^)(0) Z5 independent of x e R'*. 

Proof of Lemma 4.4. This follows from Lemma 4.1. Indeed, for any x, x & R", 
let 

V :— w^^\ w :— w^^\ u:—u^. 



We know that w{Q) — t'(O), > w and > v near the origin, and we also know 

that liminf M^(y) = ^(0), so, by Lemma 4.1, we must have Vi'(O) = Vu'(O), i.e., 

y—^o 

Vw(^)(0) = Vw^^\0). Lemma 4.4 is established. 



□ 
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For X e M", 



4 - 2x • y + ^ l-2x-y + W\x\''' 

So, for \y\ small, 

w^^\y) = A(a;)''-2(1 + (n - 2)a; • + X{xfy) + 0(|y|2), 

and, using (50), 

Vw^^^(O) = (n - 2)A(x)"~^m(x)x + A(x)"Vm(x) = (n - 2)q;x + Q;^ti(x) 2^ Vti(x). 

By Lemma 4.4, := Vw'^^\Q) is a constant vector in M", so we have, 

„ ,n — 2 ^ , . 2_ (n — 2)0;, -^^ , 

Vj;(— — Q;"-2ii(a;) n-2 _ — + y . 2;) = q. 

Consequently, for some a; e M" and d & R, 

, , 2_ 2_ _2 , 2_ 

lt(Xj "-2=0; "-2|X — X| +00; "-2. 

Since m > 0, we must have d > 0. Thus 

2 

Let a = a'^d'^ and b = d~^. Then w is of the form (24). Clearly A"(0) = 2b^a-^I, 
so 262a-27 e [/ and F{2Pa-^I) = 1. Theorem 1.3 in the case p= ^is established. 

□ 

Proof of Theorem 1.3 for —00 < p < In this case, the equation sat- 
isfied by u is no longer conformally invariant, but it transforms to our advantage 
when making reflections with respect to spheres, i.e., the inequalities have the right 
direction so that the strong maximum principle and the Hopf lemma can still be 
applied. 
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First, we still have (44) since this only requires the superharmonicity and the 
positivity of u. Lemma 4.3 still holds since it only uses (44) and the regularity 
of It in M". For x G M", we still define X{x) in the same way. We also define a as in 
(45) and we still have (46). 

For X e M**, A > 0, the equation of u^^x now takes the form 

F(^"-^(y)) = (^^)(^-2)(^-^)«,,,(y)^-^, Wy^x. (51) 

\y ■^i 

Lemma 4.5 If a = oo, then X{x) = oo for all x e M". 

Proof. Suppose the contrary, \{x) < oo for some x € M". Without loss of generality, 
we may assume a; = 0, and we use notations 

A:=A(0), ux:^Uo,x, S;, 5^(0). 

By the definition of A, 

Ux<u on M" \ Bx- 

By (51), 

F(A"s) < it?"^, e U, on \ B-x- (52) 

Recall that u satisfies 

n + 2 

F(^") = u^-^, A"" e U, on M'* \ B-^. (53) 

By (52) and (53), 

F(^"A) _ _ -2 _ uP-^) < 0, e t/, ^" e t/, on M'* \ B-^. (54) 

Since a = oo, we have 

limM\yr-\u-u-x){y)>0. (55) 
I2/H00 

The inequality in (54) goes the right direction. Thus, with (55), the arguments 
for p — work essentially in the same way here and we obtain a contradiction 
by continuing the moving sphere procedure a little bit further. This deserves some 
explanations. Because of (55), and using arguments in [44] (see also [46]), we only 
need to show that 

Ux{y) < u{y), V \y\ > A, (56) 

and 

^(w-WA)laB, >0, (57) 
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where denotes the differentiation in the outer normal direction with respect to 
dB-,. 

If Ux{y) — u{y) for some \y\ > A, then, using (54) as in the proof of lemma 2.1 
in [44] , we know that u^ — u satisfies that 

L{ux — u) < 0, 

where L — —aij{x)dij + bi{x)di + c{x) with (ajj) > continuous and 6j, c continuous. 

Since Ux — u < near y, we have, by the strong maximum principle, u\ = u 
near y. For the same reason, u\{ii) = u{y) for any \y\ > A, violating (55). (56) has 
been checked. Estimate (57) can be established in a similar way by using the Hopf 
lemma (see the proof of lemma 2.1 in [44]). Thus Lemma 4.5 is established. 

□ 

By Lemma 4.5 and the usual arguments, we know that if a = oo, must be a 
constant, and Theorem 1.3 for — oo < p < is also proved in this case. 

Prom now on, we always assume (47). As before, we obtain (48). Since the 
inequality in (52) goes the right direction, the arguments for p = (see also the 
arguments in the proof of Lemma 4.5) essentially apply and we still have (49) and 
(50). Applying the rest of the arguments for p — we have u is of the form (24) 
with some positive constants a and b. However, we know that, for u of the form 
(24), = 2&2a-27 and F(A") = constant. This violates (23) since u^'^ is not a 
constant when p < Theorem 1.3 for — oo < p < is estabhshed. 

^ n—2 ^ n—2 

□ 

5 Proof of Theorem 1.4-1.6 

5.1 Proof of Theorem 1.4. 

To prove Theorem 1.4, let us first establish Theorem 1.6. 

Proof of Theorem 1.6. Let u be the same as in Theorem 1.6, we let 

v{r) =u{r,0 ■■■,()), 0<r<l. 

Clearly, ^'(0) — 0. For x = (r, • • • , 0), < r < 1, we have 

Vu{x) = {v'{r),0 • • • , 0), VM^) = diag{v"{r), • • • , ^), 
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and 

yl"(a;) = rfm^(Ai;(r),A^(r),---,A»), 

where 

f A;(r) = -;A_„-S„" + a5l).„-S(.„')2 
1 A5(r) = . . . = ASM = - - 

Here and in the following, we use diag{Xi, ■ ■ , A„) to denote the diagonal matrix 

/ Ai \ 
A2 

V K J 

Let w{x) = (1+^^)^ with a — v{0)^^ and b — ^^a^v"{0). With these choices 
of a and b, we have 

w(0) = -^(0), ^'(0) = v'(0) = 0, ^"(0) = -^"(0). 

A calculation yields 

A-'{x)^^I = A^{Q), 

and therefore w satisfies 

F{A'^) = 1, A"" eU, w > 0, in {x e M" | b\x\^ > -1}. 
Introduce /(Ai, • • • , A„) = F{diag{Xi, ■ ■ ■ , A„)). Clearly, 

A,(0) := hm A,-(r) = l^^t;(o)-S^it;"(o), 1 < j < n, 

and therefore, by the symmetry of / in Ai • • • , A„, we have 

/a, (Ai(0), ■ ■ ■ , A„(0)) = (Ai(0), ■ ■ • , A„(0)), 2<j<n. 
Since diag{Xi{0), • • • , A„(0)) e U, we have, by (17), /m(Ai(0), • • • , A„(0)) > 0. 

Lemma 5.1 Let a and f3 be positive constants, and let k > 1 be an integer satisfying 
k + J > a for some < 7 < 1. Assume that ^ e C''~^'"'{[0, /?]) satisfies 

\ar)\ < - r m\ ds, VO<r</?, (58) 
r Jo 
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and 

e(0) = m = • • • = e^'-'Ho) = 0. (59) 

Then 

e = on[Q,f3]. (60) 

Proof. We deduce, from (59), that 

\C{r)\<Cr''-^+^, 0<r</3, (61) 

where C is some positive constant. 

Using (61), we deduce, from (58), that 

|e(r) I < - / ' Cs^-^+^ ds = -^r^-^+^, 0<r<(3. (62) 
r ^0 A; + 7 

Using (62), we deduce, from (58), that 

m\ <- r ds = C{-^rr'-'+\ 0<r<(3. 

r Jo k + 'J /c + 7 

Continue this way( by induction), we have 

|^(r)|<C(-^)V'=-^+^ V0<r</3, Vj = l,2,---. 

Since < 1, we obtain (60) by sending j — > oo. Lemma 5.1 is estabhshed. 

□ 

Continue the proof of Theorem 1.6. Since 

l^f{X\{r),---,Xl{r))^f{Xr{r),---,X:{r)), 

we have 

^1 



= (E / /a,(^A^W + (1 - t)X-{r)) dt){XKr) - Ar(r)). 

Since A"(0) = A'"(0) and /a,(A''(0)) = /ai(A"(0)) > 0, we deduce from the above 
that 

Kir) - Xrir) = - E(l + om^ir) - Kir)), 



1=2 
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where o(l) denotes some quantities tending to as r — >■ 0. 
Since ^'(0) = w'{0) = 0, we have 

Kir)-K{r) = '^v{r)-^^{v'\r)-w'\r))+0{l){\v{r)-w{r)\ + \v\r)-w'{r)\), 

and, for 2 < i < n, 

A^(r)-Ar(r) = l^^t;(r)-^ '''^''^ ~ '^'^''^ +C>(l)(|T;(r) -^;(r)| + 1^;^) 

It follows that 

v"{r) -w"{r) = -^-^iv'ir) -w\r)){\ + o{\)) + 0{\){\v{r) -wir) I + \v\r)-w\r)\), 
r 

i.e., 

(r''-\v'{r)-w'{r))y = o{r''-^) \v'{r)-w'{r) \ + 0{r''-^){\v{r)-w{r) \ + \v'{r) -w'{r)\). 
Integrating the above, we have, using v{0) —w{0) — 0, 
\v'{r) — w'{r)\ 

< ^ [ W{s) - w\s)\ ds + C l\\v{s) - w{s)\ + \v'{s) - w\s)\) ds 

< 

r 

Applying Lemma 5.1 to ^ = — w', we have, for some 6 > 0, 

v'{r)-w'{r) = in (0,5). 

For r > 6, the O.D.E. satisfied by u and w is regular, so v = w in (0, 1). Hence w 
is regular in (0, 1). Consequently, b > —1. 

Proof of Theorem 1.4. To give the main idea of the proof, we first prove Theo- 
rem 1.4 under a stronger assumption on u, i.e., 

can be extended to a positive function in C'^{B^), (63) 

and 

eU on Bf. (64) 

For X e R", A > 0, let Ux,\ denote the reflection of u with respect to Bx{x), i.e.. 



r Jo 

0(1) 



r \v'(s)-w'(s)\ ds. 
Jo 
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Lemma 5.2 Let u be as in Theorem 1.4- Then, for any x e dM.^, there exists 
Xo{x) > such that 



u 



x,x<u onRl\Bx{x), V < A < Ao(x). (65) 



Proof of Lemma 5.2. We follow the arguments in the proof of lemma 2.1 in [54]. 
Without loss of generahty, take x — in (65), and we use ux to denote wo,a- By the 
regularity of u, there exists ro > such that 

4-(r'^M(r, ^)) > 0, V < r < ro, ^ e S''-\ 
dr 

from which, we deduce 

ux{y)<u{y), V0< A< <ro. (66) 
Because of (26), there exists some constant a > such that 

Let Ao = minja^^fmaxtt) rpj. Then 

ux{y) < i^r~\m§^u) < < u{y), V < A < Aq, |y| > tq. 

\y\ B+ \yr 

(65) with X — follows from (66) and the above. Lemma 5.2 is estabhshed. 

□ 

For X e dRi, let 

\{x) := sup{/i > 0|m^,a <u on 1^ \ Bx{x), V < A < /x}. (67) 
Clearly, X{x) > 0. On the other hand, X{x) < oo because of (26). 

Lemma 5.3 Let u he as in Theorem I.4, and we further assume that u satisfies 
(63) and (64). Then, for all x e dR^, 

Mx,A(x) =u onRl\ {x}. (68) 
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Proof of Lemma 5.3. Without loss of generality, take x = 0. We use notation 
A = A(0) and u\ = mo,a- By the definition of A, 

ux<u on \ Bi- (69) 

Prom now on, we always assume that (68) does not hold for x — 0, and we will reach 
a contradiction. We first show that 

u-u-x>0 on \ . (70) 

Indeed, if, for some x e M" \ B^, (u — Ux){x) — 0. Using (25) and hypotheses (14) 
and (15), we have 

F(^"A) ^ 1 onRl\B^. 
A calculation yields, using (25), 

A , n — 2 



dXr^ 



Arguing as in the proof of lemma 2.1 in [44] (using hypotheses (16) and (17)), we 
have, near x, 

= F(A") - F(A"s) = L{u - U)) , (71) 

where L — —aij{x)dij + hi{x)di + c{x) is an elliptic operator with continuous coeffi- 
cients. By the strong maximum principle, u — Ux = ^ near x. This implies (68) for 
X = 0, a contradiction. 

If {u — u\){x) = for some x e (?M^ \ 5^, we have 

g(^ -^A) (-) ^ ^^^^^ _ cuf-^^^x) = 0. 
OXn 

Since we still have (71) near x, we apply the Hopf Lemma to obtain that u — Ux = ^ 
near x, again leading to (68) for x = 0, a contradiction. We have established (70). 
Next we show that 

_lim \y\-'\u{y)-u-x{y))>Q. (72) 
y&R%,\y\-*oo 

Let X — -rvi, we have 

\yrMy) = \yr^u-M = A'^"'«(^) = A"-2«(A2a;) =: v{x). 

\y\ 
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By (63), (64) and the conformal invariance of the equation (25), both Mo,i and v are 
solutions of (25). We also know, from (70), that 

uo,i — V > in Bt- 

X 

By the same arguments used in proving u — Ux > on c?M" \ B^, we have 

{uo,i-v){Q)>0, 

which implies (72). 

Since u — Ux = Oon dB^ H K" and (70), we can apply the Hopf Lemma as in the 
proof of lemma 2.1 in [44] (see also the outhnes near (71)) to obtain 



d{u — Ux 

— ^ u uii u±Jx I I 



> on dB-x n K" , (73) 



where u denotes the unit outer normal of dBx- 
At last we prove that 

^(^ -^a) ondB-xndRl, (74) 

ov 

where u still denotes the unit outer normal of dBx. 

Let X G dBx n dM^l- Then as in the proof of lemma 2.1 in [44], we have (71) near 
X with continuous coefficients. Clearly, for some constant A > 0, 

= \c{u^^ -uf'')\<A{u-u-x), in {Rl\Bf)nB^{x). 

By (71), and for a possibly larger A, we have 

aijdij{u - u-x) + hidi{u - Ux) < A{u - Ux), in (M'j \ B^) n Bi{x). 

Now an application of lemma 10.1 in [54] (with Q = [R^ \ B\) n i^i(a;), cr = 
p = |a;p — A^, and our u — Ux being the u there) yields 

^^^^(x) > 0. 

So we have established (74). 

Given (70), (72), (73), (74), the positivity and continuity of u on R^, we can 
easily prove that there exists some e > such that 

ux<u onM^\5^, VA<A<A + e, 
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which violates the definition of A. Lemma 5.3 is estabhshed. 

□ 

The Proof of Theorem 1.4 under the additional hypotheses (63) and 

(64). Let u be as in Theorem lA and u satisfies (63) and (64). By Lemma 5.3 and 
a calculus lemma used in [57] (see, e.g., lemma 11.1 in [54]), 

u(x\ 0) = on M"-\ (75) 

where x' G R"""^, a and d arc positive constants. 
Let P — {x\ —d) and define 

/ 2d 2 /r. 4d2(^-P) 

By the arguments in [57] and [4], as in the proof of lemma 4.5 in [54], we know that 
V is radially symmetric with respect to Q :— {x',d) in B2d{Q)- By the conformal 
invariance of the equation satisfied by we have 



F(A'") = 1, A'^ef/, ^;>0, inS2d(g). 

By Theorem 1.6, 



n-2 
2 



where a > and 1 + h{2dY > 0. Compare this to (75), we must have 6 > 0. This, 
together with (75), implies 



1 + ox — 



where a = d ^a"-^, 6 = o? ^, x = (a;',x„), a, d, x' are given in (75), and Xn is some 
real number. 

Since yl"(0) = 2a-%I, we have 2a-2W e U and F{2a-%I) = F(A"(0)) = 1. By 
the boundary condition of w at x = 0, we have {n — 2)a~^bxn — c. Theorem 1.4 is 
estabhshed under the additional hypotheses. 

□ 

The proof of Theorem 1.4. By Lemma 5.2, there exists Aq > such that 

ux<u on \ 5a, V < a < Ao, (76) 
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where ux = -u^a and Bx = Bx{0). 

Let w = Mo,i. As in the proof of Lemma 5.2 and in the proof of lemma 2.1 of 
[44] , there exists some Ai > such that 

wx<w on \ 5a, V < a < Ai. (77) 

Rewriting (76) and (77) as 

1 



and 
Let 
and 



wx <w in B^, V A > — , 

Ao 



wx>w in 5^, V < A < Ai. 



A := sup{/i| wx{x) > w{x), V < |a;| < A < fi}, 



A := inf{/x| wx{x) < w{x), V A > /x, < < A}. 

If A < A, then wx = Wx = w, and u satisfies (63) and (64). Theorem 1.4 in this case 
has already been estabhshed. In the following, we assume that A > A and we will 
reach a contradiction. 
Clearly, wx{0) — ■y^u{0), so we have 



r~ ^ ^ - A'^ 

Since A > A, there must be at least one strict inequality in the above. Without loss 
of generality, we assume that 

wj{0) = ^uiO) < w{0). 
A 

This guarantees that there is no touching of wx and w near for A close to A. 
Therefore, by the moving sphere arguments used earlier, we have, for A close to A, 
that 

Wx < w in Bx- 
This violates the definition of A. Theorem 1.4 is established. 

□ 



5.2 Proof of Theorem 1.5 
Proof of Theorem 1.5. Let 



CK := liminf ^(a;)) G [0, oo]. 

x— >KV,|a;|— >oo 



Lemma 5.4 

a> 0. 



Proof of Lemma 5.4. We follow the arguments of the proof of lemma 4.1 
Let 

O := {y e Rl\u{y) < 
To prove the lemma, we only need to show 



We know 
and 

For A>1, let 



liminf [xl"" u{x) > 0. 

xEO,\x\-^oo 



Au<0 in O, 

du , , , , ^ , , , _2 



dx 



cii"-2 < (|c| + 1)||/| u ondOn 



n 



^(y) := \y - Ae^\'-- + \y\'-\ 
For large A and R = A^, we have 

r -AC < 0, onM!^\Si^ 

Take e(y4) > be a small constant such that 

w:^u-e^>0 on d{0 \ Br) n R^. 

If follows that 

J Aw < 0, on 0\ Br 

I ^^(^) ^ 0' yyed{0\BR)ndRl. 
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Clearly, liminf w{x) > 0. By the maximum principle, 

x&0\Bii,\x\-^oo 

w>0 on 0\ Br. 

Hence 

liminf > e > 0. 

xEO,\x\—*oo 

Lemma 5.4 is proved. 

□ 

Lemma 5.5 For any x e there exists \o{x) > such that 
Ux,\<u on'^WBx{x), V < A < Ao(x). 



Proof of Lemma 5.5. Since we know a > 0. Lemma 5.5 follows from the proof of 
Lemma 5.2. 

□ 

For X e let \{x) be defined as in (67). By Lemma 5.5, \{x) > 0. 
Lemma 5.6 If a — oo, then 

X{x) = oo, V X e dRl- 

If a < oo, then 

X{x)''-\{x) = a, V X e dRl- (78) 

Proof of Lemma 5.6. By the definition of X{x), we know 

Ux,x{y) < u{y), V < A < X{x), V y e m!^ \ Bx{x). 

It follows that 

X'^~'^u{x) ^ liminf \y\"'~'^Ux,\{y) < liminf \y\"'~'^u{y) ^ a, V < A < A(a;), 
2/eMi;:,|y|-»oo ' y£Tsi-^,\y\^oo 

If a < oo, we have 

X{x)''-\{x) < a < oo, V a; e dRl- 
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In fact we must have 

\{x)"-^u{x) = a. 

Indeed, if X{xy^~^u{x) < a, then 

lim Ivl'^-^uiy) - u^x^){y)) = a - A(x)"-'i^(x) > 0, 

yeK!|i,|2/|^oo ^ 

and the arguments in the proof of Lemma 5.3 show that the moving sphere procedure 
should not stop at A(x), violating the definition of A(x). 

Now assume a = oo. Without loss of generality, we show A := A(0) = oo. We 
prove it by contradiction. Suppose A < oo. By the definition of A, (69) holds. Since 
a — oo, we have 

liminf {u(y) - Ux{y))\y\''~^ ^ oo. 

yeRl,\y\-*oo 

This plays the same role as (72) in the proof of Lemma 5.3, and the arguments there 
lead to a contradiction to the definition of A. Lemma 5.6 is estabhshed. 

□ 

To prove Theorem 1.5, we first consider the case a < oo. Our proof goes along 
the line of the proof of Theorem 1.3. Our next lemma, whose proof is given towards 
the end of this section, is an analogue of Lemma 4.1. 

Lemma 5.7 Forn > 3, a,d > 0, c e R, p,q e K""^ andp ^ q, letu e C^{Bj\{0}) 
satisfy 

Au < 0, in in the distribution sense, 

^ §:^cu^-, on(9i?+n^!^)\{0}, 
u{x) > max{a + p ■ x' + ca^-'^Xn — 

a + q ■ x' + ca^^Xn — S{\x\)}, \/x&B^, 

where x' = (xi, ■ ■ ■ , Xn-i), SM > and lim — = 0. Then 

r-»0+ 

liminf u{x) > a. 



Lemma 5.8 Under the hypothesis of Theorem 1.5, if a < oo, then u is of the form 
(27) with X, a and h given below (27). 
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Proof of Lemma 5.8. For x e dR^, let 



By the definition of A(x), 

-u > u^(x) on \ 5^(2;) (x), \/ X e 9m" . 



(80) 



By (78), 
We have 



w(^)(0) := A(x)"-2m(x) = a, V x e Sm!;:. 

Au^ < in M!|: since Au < in R!J:, 
hm inf Mv,('v) = Uminf \z\'"''^u(z) — a, 

and it is clear, for some 6{x) > and by (80), that 



By (25) and the conformal invariance of the boundary condition satisfied by u, 

^ = c[^(-)]^, on9M;\{^} 
1^ = cK]^, ona]R;\{0}. 

By Lemma 5.7, 

Vj,'w(")(0) = Vj,'w(°)(0), V X e 

So for x = {x', 0), 

V : = Vy'^x;(°)(0) = (n - 2)A(,t)"-\,(,t),t + A(x)"V^/K(a;) + A(x)'^V^/K(a;) 
= {n — 2)ax' + a^^u{x)^^'Vx'u{x). 



Thus we have 



n — 2 _n_ , , 2_ n — 2|_,|2 



+ 1/ . x'] = 0, 



which imphes, for some x' e ^, and d e i?, that 

ti(a;', 0)~^ = Q;~^|a;' — + do;"^. 
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Since u > 0, we have d > and 



2 

(f\ n—2 V — — - 



U 



+ \x' — x ^ 

For simplicity, we take x' — 0. By (78) and the above, 



(81) 



a 



n-2 ) 

d 2 



which gives A := A(0) = \/d. 
Since 



\y\ 



\y\ 



we have, by (81), 
u-^{x',Q) = 



a 



(ci|a;f + A4)^ (Ixf + rf)"^ 



Thus by the conformal invariance of the equation and the boundary condition sat- 
isfied by ti, we have 

' F(^") = F(A"s) = 1, ^« e [/, e [/, in 1^ \ {0}, 
Tz-M^^^O, onaR';\{0}, 
= - CMp = 0, on \ {0}, 

. M - «A > 0, on R!J: \ 



As usual, u — satisfies a linear second order elliptic equation and therefore, by 
the Hopf lemma and the strong maximum principle, 

u-ux = ^ on . 

In particular, u satisfies (63) and (64). So u is of the form (27) by our earlier 
discussion of Theorem 1.5 under (63) and (64). Lemma 5.8 is established. 

□ 

Lemma 5.9 Under the hypothesis of Theorem 1.5 except (29), if a — oo, then 

u{x\ Xn) = u{0', Xn), V G V x„ > 0. (82) 

Moreover c>0, and if c = 0, u must be a constant. 
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Proof of Lemma 5.9. Since a = oo, we have, by Lemma 5.6, 

X{x) = oo, V X e dRl- 

i.e., 

Ux,\<u onM.'l\Bx(x), V < A < oo, 
which, by a calculus lemma(see, e.g., lemma 11.3 in [54]), imphes (82). Let 

h{t) ■.= u{0',t) fort>0. 

Since Au < 0, we have 

h"{t)<0, Vt>0, 



so 

h'{t)<h'{s), Vt>s>0. 

Hence 

h{t)-h{s)<h'{s){t-s), Vt>s>0. 

and 

h'(s) > liminf ^^^^ ~ ^^^^ > 0, V s > 0. 

t-»oo t — S 

Since ^ cu^ on , 

/i'(0) =c/i(0)^. 

Since /i(0) > and h\0) > 0, we have c > 0. If c = 0, we have h'{0) = 0. Recall 
that h"{t) < 0, so 

/i'W < h'{0) = 0, V t > 0. 

On the other hand, h'{t) > 0, so h'{t) = and h{t) = /i(0). Lemma 5.9 is established. 
Proof of Theorem 1.5. If a < oo, the theorem follows from Lemma 5.8. If a = oo, 
then by Lemma 5.9, (82) holds, and we only need to rule out the possibility of c > 0. 
For this aim, we make use of (29). As before, let 

h{t) ■.= u{0',t), Vi>0. 

Claim. V a > 0, 

lim ^ ^ 0. (83) 
Indeed, if hm hit) — oo, then (83) is obvious by < /i'(i) < /i'(0). Otherwise, there 

t— >oo 



exists some h e [/i(0), oo) such that 



lim hit) = b. 
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We also know that lim h'(t) exists since h"(t) < 0. So, by the boundedness of h(t), 

t— »oo 

we must have 

hm h'(t) = 0, 

which yields (83). 

Let (Ai, A2, • • ■ , A„) denote the eigenvalues of A". Then 

Xi{t) = • • • = Xn-i{t) = -j^^^^^, 
By (83) and the equation satisfied by u, 



\ (f\ 2 h"{t) , 2(n-l) h'jt) 

^nKI^) — „_2 7771+i" (n-2)2 - . -222 



/(Ai,A2,---,A„) = l, 
Ai = o(l), ■ • - , A„_i = o(l), 

An = -;r^^-^^" + o(l). 
By assumption (29), there exists some S > such that 

|(Ai,---,A„)| >5, 

so for large t, 

2 h"{t) ^ S 



n-2h{t)'^2 2' 
i.e., 

''^~2^,,,n+2 n — 2^, , ,n + 2 

-/i (t) > -^^h{t)—^ > -^6h{0)^. 
Integrating the above inequality twice leads to 

-h{t) + h{o) + h'{o)t > ^^5/l(o)^^^ V t > 0. 

8 

Sending i — > oo in the above yields a contradiction to the positivity of h. Thus we 
have ruled out the possibihty that c > 0. Theorem 1.5 is established. 

□ 

In the rest of this section, we prove Lemma 5.7. We use notations 
ei = (l,0---,0), a; = (xi, ■ ■ ■ , a;„) = (a;',a;„), 5+ = BrDRl, andd'E^ :=9£i+nM". 
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Fixing some small 6 > to be specified later, let 

xi, V X G dBi n {x\xi > 0,Xn> 0}, 
(f)b{x) = { 0, V X G dBi n {x\xi <0,Xn> 0}, 
-b, W X e dBi n {x\xn < 0}. 



Define 

where a;„ denotes the volume of the unit ball of M". 

We know that G C°°(5i) n C°(Si \ ^M" ) and, after fixing some small 6 > 0, 



</>(x):=^-^/ VxGSi, (84) 



A0 = in El, 

> 0, ||0|U-(Bi) < 1, (85) 
hmsup0(x) < max{xi,0}, V x G dBi. 

Bi3x^x 

Claim. There exists a constant (7 > 0, depending only on n, 6, such that 

84) 



Indeed, consider 



(x) > C > 0, y xeBif] dRl- (86) 



6 

tjjix^Xn) -.^ (f)ix',Xn) - (f)ix',-Xn), r){x) '.^ -Xn, ^ X ^ {x' , Xn) & B^ . 

We have 

V' > 77 on u (Si n 9m!;:) . 

And for any x G Bf, 

f 11 

therefore 

liminf(V^ -v){x)>0, V x G 95+. 
By Maximum Principle, > 77 in Bi. Since iJj — rj = on Bi n we have 

di^ drj _b o n 
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The Claim is proved. 

Proof of Lemma 5.7. We only need to prove the lemma with a = l,p — q = ei := 
(1 • • • , 1). Indeed, replacing u by ^u, c by ca^^, p by and q by ^q, we can assume 
a — 1. After a rotation, we can assume p — q — Aei for some A > 0. Replacing u{x) 
by c by f , p, ? by |, ^ respectively, we can also assume p — q — Ci. 

Since Um ^ = 0, there exists < f < d such that 

^<^0(O), VO<r<f, (87) 

where is defined by (84). 

For < r < f, we consider, for < s < r, 

(ff(x) := 1 + cxn + q • x' + r6{—) — —. — - — sup 5, y x e Br\ Bs- 

r kr"^ (0,r] 

By the equations of u and 0, we have 

A{u - 00 < in 5+ \ B+. 
By the last lines in (79) and (85), 

lim sup(xi(x) - 0''(x)) > 0, y X e dBr n I^. (88) 

B^Bx—^x 

Indeed, if Xi > 0, we have, using p — q — ci, 

— X 
u{x) — (t)^{x) > {1 + p ■ x' + cXn — — 4>^{x) > Xi — r(j){—), 

from which we deduce (88). 

If Xi < 0, estimate (88) follows from 

— X 
u{x) — <p' (x) > {1 + q ■ x' + CXn — — 0''(2^) > ~i^4'{~)- 

Since ||0||loc(Bi) < 1, we have 

0''(x) < 1 + CXn + q- x' - sup 5, y X e dBg fl 1^. 

{0,r] 

Thus, by the last fine in (79), 

M -(/)'■> on n I^. (89) 



Claim. There exists f e (0, r], s.t., VO<s<r<r, 

inf {u - (/)'■) > 0. 

B+\B+ 

Suppose not, we have, by (88), (89), and the strong maximum principle, 

inf (u - (f) = (u- (jf)(x) < for some x G (dlsJl fl (Br \ 5j)). 

B+\B+ 



At X, 



< — — ^ = CM"-2 (x) -C - (-) < CM "-2 (x) - C - C, 

oxr, dx„ r 



where C is the constant in (86). 

By the last line in (79), we have, for some universal positive constant C, 

u{x) > 1-C\x\ > 1-Cr. 

On the other hand, 

u{x) < (t)''{x) <1 + Cr. 
We deduce from (91), using the above two estimates, 

< Cr - (7, 



c 

Sending s — > in (90), we obtain 



which is impossible if we choose r < min{^,r}. (90) is established. 



X — 

u{x) > 1 + cxn + q ■ x' + r(l){—) — sup 5, Vx e . 

r {0,r] 



Sending x — > 0, we have, by (87), 



liminf u{x) > 1 + r0(O) — sup 6 > 1. 

B+3x-*0 {0,r] 



Lemma 5.7 is established. 
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6 Appendix A 

Lemma 6.1 Let a > be a positive number and a be a real number. Assume that 
h e C-'-[— 4a, 4a] satisfies, V|t| < 2a, |s| < 4a, < A < a, A < |s — rj. 

Then 

\h'{s)\<-^h{s), V|s|<a. 



Proof of Lemma 6.1. By considering h{as), we only need to prove the lemma for 
a = 1. If q; = 0, it is easy to see that h is identically equal to a constant on [—1, 1]. 
So we always assume that a 7^ 0. We Only need to show that 

-h'{s)<^h{s), V|s|<l, (93) 

since the estimate for h'{s) can be obtained by applying the above h{—s). 
Now for |t| < 2, let hr{s) :— h{T + s), (92) is equivalent to 

< hJs - r), Vlrl < 2, Isl < 4, < A < 1, A < Is - rl, 

— 1'^ ~ 

which implies, by setting x — s — t, that 

A a X^X 

< hrix), V|t| <2, 0<A<1, A<x<2. 

Let y — — — in the above, we have 

y^hr{y) < x^hr{x), yO<y<x<l. 



Thus 



i.e 



< -i-(^a;2/i^(x)j = -X2 hr{x) -\- x-^h[^{x), V < x < 1, 
a 



hr{x) + xh'^{x) > 0, VO<x<l. 



Let x — > 1 in the above, we have 
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i.e. 

^h{T + l)>-h'iT+l), V|r|<2. 
Estimate (93) follows from the above. 

□ 

Lemma 6.2 Let a > be a constant and let B^a C MP be the ball of radius 8a and 
centered at the origin, n > 3. Assume that u e C^{B^a) 'is a non-negative function 
satisfying 

Ux,\{y) < u{y), V X e B4a, y e -Bsa, < A < 2a, X<\y-x\, 

where u^^xiv) ■= (j^) u(x + ^j^p^)- Then 3C(n) > 0, s.t. 

n — 2 

\Vu{x)\ < — u{x), y\x\ < a. 



Proof of Lemma 6.2. For Va; G Ba,e G M", |e| = 1, let h{s) := u{x + se). Then, 
by the hypothesis on u, h satisfies the hypothesis of Lemma 6.1. Thus we have 

l^'(o)l<^Mo), 

i.e. 2 

\Vu{x) ■ e\ < — — u{x). 

Lemma 6.2 follows from the above. 

□ 



7 Appendix B 

We first show that we may assume without loss of generality that the / in Theo- 
rem 1.1' is in addition homogeneous of degree 1. We achieve this by constructing the 
/ which is homogeneous of degree 1, /~^(1) = /~^(1), and satisfies the hypotheses 
of Theorem 1.1'. 

By the cone structure of F, the ray {s\ | s > 0} belongs to F for every A G F. By 
the concavity of /, we deduce from (10) that 



X:/a.(a)a,>o, VAgF. 

i=l 



(94) 
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Since /(O) = 0, / satisfies (10) and (94), and / e C^'"(r), the equation 

/((^(A)A) = 1, A e r (95) 

defines, using the imphcit function theorem, a positive function Lp e C*^'"(r). It 
is easy to see from the definition of (/? that V9(sA) = s~^<^(A) for all A e F and 
< s < oo. Set 

/=-, onr. 

By the homogeneity of (/?, / is homogeneous of degree 1. We will show that / has the 
desired properties. Clearly, / is symmetric, (10) is satisfied and /~^(1) = /~^(1). 
To prove V/ G r„, applying to (95), we have 

o=/^,(/x)^(A)+^^x:/..(/^)/^., 

where = <^(A)A. Since //,,(//) > and E"=i ftij{l^)l^j > 0, we have (px^iX) < 0, i.e., 

/a, > on r, V 1 < i < n. 
Next we prove the concavity of /. For A, A e F, we have, by the concavity of /, that 

^(A)^(A) 



f( MA) , (l-t)y(A) 



= i = /(99(a + (i-t)A)[a + (i-t)A]). 

By (94), / is strictly increasing along any ray in F starting from the origin, therefore 
we deduce from the above that 

^^^^^^^^ >^(a + (i-t)A), 



i.e.. 



tf(X) + (l-t)f(X)<m + (l-t)X). 
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We have showed that / is a concave function in T. 

To check / G C°(r) and / = on dV, we only need to show that 

hm /(A) = V A e ar. 

We show the above by contradiction argument. Suppose the contrary, then for some 
X e dr there exists a sequence A* e F, A' — > A, such that hmj^oo f{^^) > 0. It 
follows that </7(A*) — > a for some a e [0,oo). By the continuity of / on F, we 
have 1 = /((y9(A*)A*) — > f{aX). Since / = on dV, we have a > and A e F, a 
contradiction. We have proved that the / has the desired properties. 

□ 

Proposition 7.1 Let V be an open symmetric convex subset o/K" with dV ^ 0. 
Assume that 

u{X) e F„, V A e dV, (96) 

and 

iy{X) • A > 0, W XedV, (97) 

where z/(A) denotes the unit inner normal of a supporting plane of V at X. Then 
T(y) as defined in (3) is an open symmetric convex cone with vertex at the origin. 
Moreover, 

Tn C V{V) C Fi, (98) 

and 

T{V) = {sX\ X&dV,s> 0}. (99) 

Reiiicirk 7.1 No regularity assumption on dV is needed. 
To prove Proposition 7.1, we need the following lemma. 

Lemma 7.1 Let V he as in Proposition 1.1. Then 
{%) If X e V, then {sX\ s>l} cV. 
(ii) Q^V. 

(Hi) IfXe dV, then {sX\ - oo < s < 1} DV ^ $ and {sX\ s>l} cV. 

Proof of Lemma 7.1. If (i) does not hold, then there exists some X E V and 
s > 1 such that sX e dV. By the convexity oiV, we have 

(A - sA) • u{sX) > 0. 
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From which, we deduce, by s > 1, that sX ■ i/(sA) < 0, contradicting (97). (i) is 
estabhshed. 

If e y, by (97), ^ dV. Hence eV. Since V is open, an open neighborhood of 
belongs to V and therefore, by (i), V — M", contradicting the fact that dV ^ 0. 
(ii) is estabhshed. 

Let A G dV . For -oo < s < 1, wc have, by (97), that v{X)\s\-\) = (s-l)z/(A)-A < 
0. Since z/(A) is an inner normal, s\ ^ V . Thus we have proved the first statement 
in (iii). Now we prove the second statement in (iii). Let A e dV ^ we know from 
the first statement of (iii) that {sA \ s > \)r\dV = So either {sA | s > 1} C F 
or {sA I s > 1} n y = 0. Noticing the first case is what we want to prove, we 
can assume the second case. Then, in view of the first statement of (iii), the line 
{sA I s e i?} has no intersection with V . It follows, see theorem 1L2 in [59], that 
there is a supporting plane of V containing the line {sA | s e i?}, and therefore 
i/(A) ■ A = 0, where v{X) denotes the unit inner normal to the supporting plane, 
contradicting (97). (iii) is established. 

□ 

Proof of Proposition 7.1. It is easy to see that r(K) is an open symmetric convex 
cone with vertex at the origin. Now we prove that r(V^) C Fi. 
For any A = (Ai, • • • , A„) e F(l^), let 

A^ = A = (Ai, ■ ■ ■ , A„), 

A^ = (A2, • ■ ■ ) '^n; '^l)) 

A" = (A„, Ai, • • • , A„_i). 
Since V{y) is symmetric, A^ e r(l/), V 1 < i < n. By the convexity of r(y), 

A:=-y:A^ = ^eer(y), 

where e = (1, •••,!), (71 (A) = Er=i Ai- 
Let 

s := inf{s > 0| s\ G V}. 

By (ii) in Lemma 7.1, s > and s\ G dV . Let v{s\) be the unit inner normal of a 
supporting plane of V at sA, we have, by (97), 

< u{s\) ■ (sA) = -cri(z/(sA))cri(A). 
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By (96), ai(z/(sA)) > 0, thus ai{X) > 0, i.e. r{V) C Ti. 

Next we prove r„ C F by contradiction argument. Suppose 3 /x G r„ \ r(V). Take 
any A e r(F) C Fi. Consider the 2-dimensional plane P generated by // and A. We 
know that TiV) n P hes on one side of the hue dVi n P. So {s/x | s e M} n r{V) = 
and therefore T{V) fl P stays on one side of {s/j, | s e K} in P, i.e. 



k e p I /i • [A - (A • t^)t^] < oj n r{v) 

Fix some /i e F„ fl P such that 



Then the hne i := {sjl \ s EM.} has no intersection with VdF. Now parallelly moving 
£ towards fl P and a first touching of the moving hne and \/ fl P must occur. Let i 
denote the first touching hne and let A G £n (FflP). Clearly X e dV and In V = 0. 
So there exists a supporting plane of y at A which contains i. Let u{X) denote the 
unit inner normal of the supporting plane, then, z/(A) ■ /i = 0, a contradiction to 
jleVn and u{X) e F„ by (96). Thus F„ C r{V). (98) is established. 
Let 

f{V) := {sX\ X e dV,s > 0}. 

Next we show that F(V^) = T{V). For X & V, consider the ray {sX\ s > 0}. Since 
^ V, we know that 

s := inf{s| sXeV} > 0. 

By the openness of V and the definition of s, sA e dV. So A e r(y). We have 
showed that T{V) C r(T^). On the other hand, by (n) and (ni) of Lemma 7.1, 
r{V) C r(V). We have established (99). Proposition 7.1 is estabhshed. 

□ 

In the following, we deduce the equivalence of Theorem 1.1 and Theorem 1.1'. 
Theorem 1.1 =^ Theorem 1.1'. Let V := {X e F| /(A) > 1}. By (9) and (10), 
r{V) = F. By the concavity and symmetry of /, V is open, symmetric and convex. 
Clearly 9^ = {A e F| /(A) = 1} 7^ is C^'°^ and V/ is inner normal to dV. 
Therefore V/ G F„ implies (1). In the above, we have proved the concavity of / and 
(10) forces V/(A) ■ A > 0. Restricted onto dV, we have (2). Hence Theorem 1.1' 
follows from Theorem 1.1. 

Theorem 1.1' =^ Theorem 1.1. We only need to construct a pair (/, F) satisfying 
all the assumptions in Theorem 1.1' and {f = 1} — dV. Let F := F(y) as defined 
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in (3). By Proposition 7.1, (6) and (7) hold for F. Let /(sA) := s for any s > and 
any A G dV. By (99), T = {sX\ A G dV, s > 0}. So / is well defined, symmetric 
and C^'° on r. It is easy to see from the definition that / is homogeneous of degree 
1, therefore (10) follows directly. To prove / is concave, taking any two points aX 
and in F, where A, /i G dV and a, 6 > 0. For any < t < 1, since A, ;U G dV and 
V is convex, we have A :— fa+{i-t)b '^ ~^ ta+(i-t)b /^ ^ R-^call the definition of /, we 
have G dV. However, by (i) and (iii) in Lemma 7.1, we know sX & V for any 
s > 1, therefore < 1, i.e., /(A) > 1. From which, we deduce that 

f{taX+{l-t)bfj,) 

= {ta+{l-t)b)f( ^^A+ ^^;^^\ a 

^ ^ ' ^ta + {l-t)b ta+{l-t)b^ 

= {ta + (1 - t)b)f{X) >ta+{l- t)b = tf{aX) + (1 - t)f{b^x). 
f is concave. 

Now the only assumption left to check is that / can be continuously extended to dV 
and varnishes on dT. To see this, take any sequence {A*} in F with A* — > A G dT. 
We need to show lim /(A*) = 0. Suppose not, there exists a subsequence of {A*}, 

still denoted by {A*} such that /(A*) > 6 for some constant 6 > 0. By the definition 
of /, G dV. On the other hand. A' — > A and /(A*) > 5 > imphes { j^} stays 

in a bounded set of M". Hence — > // for some // G M". Noticing dV is closed, 

G dV. By (99), {s/x | s > 0} C F. Recall ^ 9^ and A^ ^ A, we have /(V) is 
uniformly bounded. W.l.o.g., we can assume /(A*) — > cq > 0. It follows that 

ar9A^A^ = /(A0-^^coA.GF, 

a contradiction. Theorem 1.1 follows from Theorem 1.1'. 

□ 

In the rest of this section, we address Remark 1.1. We assume that dV G C^'"^, 
but the principle curvatures of dV are positive. Let Pi :— dVi. After a rotation of 
the axis system, dV can be represented as the graph of a C^'" function defined on 
Pi = R""^ satisfying 

(V^^) > on M"-^ (100) 

F„ in the new axis system is still an open convex cone, denoted by F„. The assump- 
tions (96) and (97) are translated into 

(-V0(z/O,l)ef„, (-V0(z/'),l) •(?/', 0(z/O)>O, Vy'GK"-^ (101) 
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In the following, all the functions are defined on ^ if not specified. For R > 
0, e > 0, consider 

(f>R — Pr4>' + (1 - Pr)4>, 
where 0^ is the smooth moUifier of 4> and pu is a radially symmetric cut-off function 
having value 1 in Br and outside B2R. Let be the set above the graph of 0^. For 
any i? > 0, 0^ is identically equal to (j) outside B2R and 0^ — in Cf^" as e — > 0, so, 
for some small e = e{R) > 0, (96) and (97) hold for 0^. Noticing dV^ coincides with 
dV when \y'\ > 2R, therefore we can assume, for the same small e, r(V^) = T(y). 
Back to T{V), V and define / and as homogeneous functions of degree 1 
in r(V^) = r(y) taking value 1 on dV and dV^ respectively. satisfies all the 
assumptions of / assumed in Theorem 1.1'. Now taking a sequence i?j — > 00 and 
taking Cj > such that (100) and (101) hold for 0^^. Let be the corresponding 
function on T{y). We know satisfies all the assumptions of / in Theorem 1.1' 
and is smooth in any compact subset of F and f^^ — > / in Cfj"(r). 
Consider the equation 

^^M\^J) = ^^ onM". (102) 

Applying Theorem 1.1' to (/^., F), we have, for any solution Ui of the equation (102), 

||lii||c2.«(M",ff) + ||lit~^||c2.«(M",g) < C (103) 

for some constant C is independent oii — this is clear from the proof of Theorem 1.1'. 
This implies X{A 4 ) stays in a compact subset of F independent of i. Hence for i 

large enough, /|^. is C^'° in this compact subset and we have, by (103) and Schauder 
theory, that 

where Ci is some constant may depending on i. 

Following the degree arguments at the end of the proof of Theorem 1.1' and replacing 
O^by 

0\ := {u e C^'"(M",5)|||ii||c2,a(M",,) + ||«-ic2."(M",,) < 2C, 
||ii||c"4.«(M",g) < 2Ci, \{A^_^^ e F}, 

we can find a solution Ui of (102). Since Ui is uniformly bounded in C'^'°' (M'^ , g) , 
after passing to a subsequence, Ui converges in C^{M",g) to some function u in 
C2'°(M",t/). Sending i ^ 00 in (102), we have 

f(MA 4 )) = 1, A(^ 4 ) e F, on M". 



60 



References 

[1] A. Ambrosetti, A. Malchiodi and Y.Y. Li, On the Yamabe problem and the 
scalar curvature problems under boundary conditions, Math. Ann. 322 (2002), 
667-699. 

[2] T. Aubin, Equations differentielles non lineaires et probleme de Yamabe con- 
cernant la courbure scalaire, J. Math. Pures Appl. 55 (1976), 269-296. 

[3] T. Aubin, Some nonlinear problems in Riemannian geometry. Springer Mono- 
graphs in Mathematics, Springer- Verlag, Berlin, 1998. 

[4] G. Bianchi, Non-existence of positive solutions to semilinear elliptic equations 
on R" or through the method of moving planes. Comm. Partial Differential 
Equations 22 (1997), 1671-1690. 

[5] S. Brendle, A family of curvature flows on surfaces with boundary. Math. Z. 
241 (2002), 829-869. 

[6] S. Brendle and J. Viaclovsky, A variational characterization for (T„/2, preprint. 

[7] R. L. Bryant, P. A. Griffiths and D. A. Grossman, Exterior Differential Systems 
and Euler-Lagrange Partial Differential Equations, arXiv:math.DG/0207039 vl 
3 Jul 2002. 

[8] L. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behavior 
of semilinear elliptic equations with critical Sobolev growth. Comm. Pure Appl. 
Math. 42 (1989), 271-297. 

[9] L. Caffarelli, L. Nirenberg and J. Spruck, The Dirichlet problem for nonlinear 
second-order elliptic equations. III: Functions of the eigenvalues of the Hessian. 
Acta Math. 155 (1985), 261-301. 

[10] S.Y. A. Chang, M. Gursky and P. Yang, An equation of Monge-Ampere type 
in conformal geometry, and four-manifolds of positive Ricci curvature, Ann. of 
Math. 155 (2002), 709-787. 

[11] S.Y. A. Chang, M. Gursky and P. Yang, An a priori estimate for a fully non- 
linear equation on four-manifolds, J. Anal. Math. 87 (2002), 151-186. 

[12] S.Y. A. Chang, M. Gursky and P. Yang, Non-linear Partial Differential equa- 
tions in Conformal Geometry, Proceedings of the International Congress of 
Mathematicians, Vol. I (Beijing, 2002), 189-209. 



61 



[13] S.Y. A. Chang, M. Gursky and P. Yang, A conformally invariant sphere theorem 
in four dimensions, Pubhcations de I'lHES, 2003. 

[14] S.Y. A. Chang, M. Gursky and P. Yang, Entire solutions of a fully nonlinear 
equation, Lectures on Partial Differential Equations in honor of Louis Niren- 
berg's 75th birthday. Chapter 3, International Press, 2003. 

[15] S.Y. A. Chang, F. Hang and P. Yang, On a class of locally conformally flat 
manifolds, preprint. 

[16] W. Chen and C. Li, Classification of solutions of some nonlinear elliptic equa- 
tions, Duke Math. J. 63 (1991), 615-622. 

[17] P. Chcrricr, Problemes de Neumann nonlineaires sur les varietes Riemanni- 
ennes, J. Func. Anal. 57 (1984), 154-207. 

[18] O. Druet, From one bubble to several bubbles: the low-dimensional case, J. 
Diff. Geom. 63 (2003), 399-473. 

[19] J.F. Escobar, Uniqueness theorems on conformal deformation of metric, Sobolev 
inequahties, and an eigenvalue estimate. Comm. Pure Appl. Math. 43 (1990), 
857-883. 

[20] J.F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat 
metric with constant mean curvature, Ann. of Math. 136 (1992), 1-50. 

[21] J.F. Escobar, The Yamabe problem on manifolds with boundary, J. Diff. Geom., 
35 (1992), 21-84. 

[22] J.F. Escobar, Conformal deformation of a Riemannian metric to a constant 
scalar curvature metric with constant mean curvature on the boundary, Indiana 
Univ. Math. J. 45 (1996), 917-943. 

[23] L.C. Evans, Classical solutions of fully nonlinear, convex, second-order elliptic 
equations. Comm. Pure Appl. Math. 35 (1982), 333-363. 

[24] C. Fefferman and C. R. Graham, Conformal invariants. In: Elie Cartan et les 
Mathematiques d'aujourd'hui. Asterisque (1985), 95-116. 

[25] B. Gidas, W.M. Ni and L. Nirenberg, Symmetry and related properties via the 
maximum principle. Comm. Math. Phys. 68 (1979), 209-243. 



62 



[26] M. Gonzalez, Ph.D. thesis, Princeton University, 2004. 

[27] B. Guan and J. Spruck, Boundary-value problems on S"' for surfaces of constant 
Gauss curvature, Ann. of Math. 138 (1993), 601-624. 

[28] P. Guan, C.S. Lin and G. Wang, Apphcation of the method of moving planes 
to conformally invariant equations, preprint. 

[29] P. Guan, J. Viaclovsky and G. Wang, Some properties of the Schouten tensor 
and applications to conformal geometry. Trans. Amer. Math. Soc. 355 (2003), 
925-933. 

[30] P. Guan and G. Wang, Local estimates for a class of fully nonlinear equations 
arising from conformal geometry. Int. Math. Res. Not. 2003, no. 26, 1413-1432. 

[31] P. Guan and G. Wang, A fully nonhnear conformal flow on locally conformally 
flat manifolds, J. Reine Angew. Math. 557 (2003), 219-238. 

[32] P.Guan anf G. Wang, Geometric inequahties on locally conformally fiat mani- 
folds, preprint. 

[33] M. Gursky, The principal eigenvalue of a conformally invariant differential op- 
erator, with an apphcation to semilinear elliptic PDE, Comm. Math. Phys. 207 

(1999) , 131-143. 

[34] M. Gursky and J. Viaclovsky, A new variational characterization of three- 
dimensional space forms. Invent. Math. 145 (2001), 251-278. 

[35] M. Gursky and J. Viaclovsky, Fully nonlinear equations on Riemannian mani- 
folds with negative curvature, Indiana Univ. Math. J. 52 (2003), 399-419. 

[36] M. Gursky and J. Viaclovsky, A fully nonlinear equation on four-manifolds with 
positive scalar curvature, J. Differential Geom. 63 (2003), 131-154. 

[37] M. Gursky and J. Viaclovsky, A conformal invariant related to some fully non- 
linear equations, preprint. 

[38] Z.C. Han, Local C° estimates for solutions of the (7fe-Yamabe problem under 
small volume condition, preprint. 

[39] Z.C. Han and Y.Y. Li, The existence of conformal metrics with constant scalar 
curvature and constant boundary mean curvature. Comm. Anal. Geom. 8 

(2000) , 809-869. 



63 



[40] Z.C Han and Y.Y. Li, The Yamabe problem on manifolds with boundary: 
Existence and compactness results, Duke Math. J. 99 (1999), 489-542. 

[41] N.V. Krylov, Boundedly inhomogeneous elliptic and parabolic equation in a 
domain, Izv. Akad. Nauk SSSR 47 (1983), 75-108. 

[42] A. Li and Y.Y. Li, On some conformally invariant fully nonlinear equations, C. 
R. Acad. Sci. Paris, Ser. I 334 (2002), 1-6. 

[43] A. Li and Y.Y. Li, A fully nonlinear version of the Yamabe problem and a 
Harnack type inequality, C. R. Math. Acad. Sci. Paris 336 (2003), 319-324. 

[44] A. Li and Y.Y. Li, On some conformally invariant fully nonlinear equations. 
Comm. Pure Appl. Math. 56 (2003), 1416-1464. 

[45] A. Li and Y.Y. Li, A fully nonlinear version of the Yamabe problem and a 
Harnack type inequality, arXiv:math.AP/0212031 vl 2 Dec 2002. 

[46] A. Li and Y.Y. Li, A Liouville type theorem for some conformally invariant 
fully nonhnear equations, arXiv:math.AP/0212376 vl 30 Dec 2002. 

[47] A. Li and Y.Y. Li, A general Liouville type theorem for some conformally 
invariant fully nonlinear equations, arXiv:math.AP/0301239 vl 21 Jan 2003. 

[48] A. Li and Y.Y. Li, Further results on Liouville type theorems for some confor- 
mally invariant fully nonlinear equations, arXiv:math.AP/0301254 vl 22 Jan 
2003. 

[49] A. Li and Y.Y. Li, On some conformally invariant fully nonlinear equations. 
Part HI, in preparation. 

[50] Y.Y. Li, Degree theory for second order nonlinear elliptic operators and its 
applications. Comm. in Partial Differential Equations 14 (1989), 1541-1578. 

[51] Y.Y. Li, Some existence results of fully nonlinear elliptic equations of Monge- 
Ampere type. Comm. Pure Appl. Math. 43 (1990), 233-271. 

[52] Y.Y. Li, On some conformally invariant fully nonlinear equations. Proceedings 
of the International Congress of Mathematicians, Vol. HI (Beijing, 2002), 177- 
184. 

[53] Y.Y. Li, Liouville type theorems for some conformally invariant fully nonlinear 
equations. Rend. Mat. Acc. Lincei, s. 9, v. 14:219-225 (2003). 



64 



[54] Y.Y. Li and L. Zhang, Liouville type theorems and Harnack type inequahties 
for semihnear elhptic equations, J. Anal. Math. 90 (2003), 27-87. 

[55] Y.Y. Li and L. Zhang, Compactness of solutions to the Yamabe problem, C. 
R. Acad. Sci. Paris, to appear. 

[56] Y.Y. Li and L. Zhang, A Harnack type inequality for the Yamabe equation in 
low dimensions. Calculus of Variations and PDEs, to appear. 

[57] Y.Y. Li and M. Zhu, Uniqueness theorems through the method of moving 
spheres, Duke Math. J. 80 (1995), 383-417. 

[58] Y.Y. Li and M. Zhu, Yamabe type equations on three dimensional Riemannian 
manifolds. Communications in Contemporary Math. 1 (1999), 1-50. 

[59] R. T. Rockafellar, Convex Analysis, Princeton Univ. Press, tenth printing and 
first paper back, 1997. 

[60] M. Obata, The conjecture on conformal transformations of Riemannian mani- 
folds, J. Diff. Geom. 6 (1971), 247-258. 

[61] R. Schoen, Conformal deformation of a Riemannian metric to constant scalar 
curvature, J. Diff. Geom. 20 (1984), 479-495. 

[62] R. Schoen, On the number of constant scalar curvature metrics in a conformal 
class. Differential Geometry: A symposium in honor of Manfredo Do Carmo 
(H.B. Lawson and K. Tenenblat, eds), Wiley, 1991, 311-320. 

[63] R. Schoen, Courses at Stanford University, 1988, and New York University, 
1989. 

[64] R. Schoen and S.T. Yau, Conformally flat manifolds, Kleinian groups and scalar 
curvature. Invent. Math. 92 (1988), 47-71. 

[65] R. Schoen and S.-T. Yau, Lectures on differential geometry. International Press, 
Cambridge, MA, 1994. 

[66] N. Trudinger, Remarks concerning the conformal deformation of Riemannian 
structures on compact manifolds, Ann. Scuola Norm. Sup. CI. Sci. (3) 22 (1968), 
pp. 265-274. 

[67] N.S. Trudinger, On the Dirichlet problem for Hessian equations. Acta Math. 
175 (1995), 151-164. 



65 



[68] N.S. Trudinger and X. Wang, Hessian measures II, Ann. of Math. 150 (1999), 
579-604. 

[69] J. Urbas, Hessian equations on compact Riemannian manifolds. Nonlinear prob- 
lems in mathematical physics and related topics, II, 367-377, Int. Math. Ser. 
(N. Y.), 2, Kluwer/Plenum, New York, 2002. 

[70] J. Viaclovsky, Estimates and existence results for some fully nonlinear elliptic 
equations on Riemannian manifolds. Comm. Anal. Geom. 10 (2002), 815-846. 

[71] J. Viaclovsky, Conformal geometry, contact geometry, and the calculus of vari- 
ations, Duke Math. J. 101 (2000), 283-316. 

[72] J. Viaclovsky, Conformally invariant Monge-Ampere equations: global solu- 
tions. Trans. Amer. Math. Soc. 352 (2000), 4371-4379. 

[73] H. Yamabe, On a deformation of Riemannian structures on compact manifolds, 
Osaka Math. J. 12 (1960), 21-37. 



